CARLEMAN ESTIMATES AND LOCAL UNIQUE CONTINUATION

ARICK SHAO

1. INTRODUCTION

These notes originated from reading seminars held in autumn 2019—with Vaibhav Jena,
Alex McGill, and Dongbing Zha—on the classical Carleman estimates from the microlocal
viewpoint. Its contents are primarily based on parts of the textbook Carleman Inequalities:
An Introduction and More [3], written by Nicolas Lerner. The form of the Carleman estimates
(and the associated local unique continuation result) presented here is mainly attributed to
Hormander [2, Chapter 28|, and applies to a general class of differential operators.

Though we intend for the notes to be self-contained, we also aim to organize the material
such that it minimizes the required background in microlocal analysis and pseudodifferential
operators. While some engagement with microlocal analysis is unavoidable, here we restrict
our coverage to only the parts that are necessary for our Carleman estimates—most notably
the sharp Garding inequality. In order to better streamline discussions, the proofs of essential
results from microlocal analysis are given later in the Appendix.

Technical note: The Carleman estimates in these notes apply to operators with real principal
symbols, and the proofs make use of the sharp Garding inequality. Another variant of these
estimates uses the Fefferman-Phong inequality instead and is also applicable to operators
with complex principal symbols, under an additional assumption of principal normality. As a
result, the choice of material presented here involves some tradeoffs; while the present version
is extendedible to coefficients with less regularity and to systems of PDEs, the alternative
version applies to a wider class of (only scalar-valued) operators.

Version note: The latest version of these notes is now designed to apply the sharp Gard-
ing (rather than Fefferman-Phong) inequality, as this path involves less technical machinery
and covers more situations of practical interest. Furthermore, corrections were made to the
statement of the sharp Garding (formerly Fefferman-Phong) inequality, and an appendix was
added to address its proof. This required some non-trivial reorganization of the material—in
particular, the main discussions now encompass general A-parametrized symbols and pseu-
dodifferential operators, as opposed merely to polynomials and differential operators.
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2. UNIQUE CONTINUATION AND CARLEMAN ESTIMATES

In this section, we discuss the local unique continuation problem for linear partial differ-
ential equations. We also formulate (local) Carleman estimates in an abstract manner, and
we discuss their role as a key tool for solving unique continuation problems.

2.1. The Main Setting. The initial task is to describe the setting within which we will
discuss the unique continuation problem. This is expressed via the following definitions and
assumptions, which we will adopt throughout these notes.
Definition 2.1. In accordance with standard conventions:

o We use V to denote the usual (Euclidean) gradient on R™.
o We also define the operator D := —iV.

In addition, for any multi-index I = (I ...Iy) and £ € R", we set

(2.1) Vi=0n...01,, Dy:=(=)"0...0n, & =& &y
Assumption 2.2. Let 2 be an open subset of R™, and fix a hypersurface ¥ C ) given as
(2:2) Y= {r e Q| p(x) =0},

for some p € C=(;R) such that

(2.3) Vp(x) #0, xr € X.

In addition, we fix a point xq € X.

Remark 2.3. In particular, all of our developments will be purely local in nature, thus our
requirement in (2.2) that 3 is a level set does not result in any loss of generality.

Remark 2.4. Notice that p implictly defines an orientation of ¥, since Vp is normal to X.
In particular, we can think of p as selecting the side of ¥ corresponding to p > 0.

Assumption 2.5. Let P be a linear partial differential operator of order m on (0,
(2.4) Po = Z p! Dy,
[I|<m
with pt € C=(Q; C) for each multi-index I. Moreover, let Py denote the principal part of P:
(2.5) Po:= Y p'Dr.
I|=m

Remark 2.6. One could weaken Assumption 2.5 so that the coefficients p! have less requ-
larity. However, we avoid doing this here in order to simplify the exposition.

We now recall the principal symbol of P, which carries most of the essential information
about P that we will require in the upcoming analysis:

Assumption 2.7. The principal symbol of P is the function
(2.6) pEC®(QXRYLC),  plx,&) = p'(x)&.

|[I|=m
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Remark 2.8. By default, we will treat p as a homogeneous polynomial of n real variables &.
However, in many situations, we will find it useful to implicitly extend p as a polynomial of
complex variables, that is, as a function p : Q x C" — C.

We conclude by recalling some special types of differential operators:
Definition 2.9. P is elliptic at zq iff p(xo,&) # 0 for any & € R™\ {0}.

Definition 2.10. ¥ is non-characteristic at xo with respect to P iff

(2.7) p(zo, dp(x0)) # 0.
Definition 2.11. ¥ is strictly hyperbolic at xo with respect to P iff:

e > is non-characteristic at xo with respect to P.
o I[fE €R™ and £ Ndp(xg) # 0, then the polynomial

(2.8) foaoe €= C, faw0.6(0) == p(20, & + 0 dp(0))
has only simple (i.e., distinct) and real roots.

2.2. Carleman Estimates. The main tool, and the main topic of these notes, is a class of
weighted integral inequalities known as Carleman estimates, which we describe below.
First, we formulate the class of weight functions that can be used for our estimates:

Definition 2.12. ¢ € C>*(Q;R) is a Carleman weight for p at zo iff for any neighborhood
U CC Q of xg, there exist a neighborhood V- C U of xy and § > 0 such that:

o o(x) > ¢(xo) on the region {x € V | p(x) > 0}.
e The following property holds:
(2.9) {z eV |p(z) 20, é(z) = dlw) <0} C V.

Remark 2.13. Roughly, Definition 2.12 states that the level sets ¢ — ¢(xo) = €, for small
e > 0, must both extend into p > 0 near xy and exit p > 0 through X near .

Remark 2.14. Note that by replacing ¢ with p—@(xo) in Definition 2.12, we can additionally
assuming, without any loss of generality, that ¢(xq) = 0.

While Definition 2.12 is all that is required for our Carleman estimates, we will work with
a specific family of Carleman weights for our upcoming main result:

Proposition 2.15. For any > 0, the function ¢, € C*(2;R), given by

(2.10) ¢u(x) = Vp(x0) - (x — 20) + %(I — x0) - V?p(w0) - (x — )
— u[Vp(wo) - (& — x0)] + gl — ol

is a Carleman weight for p at xg.

Proof. First, note that (2.10) immediately yields ¢, (z9) = 0. Given U as in Definition 2.12,
we let V' := B(xg,¢) be an open ball about x¢, with radius € > 0 small enough so that

(2.11) VCU, VC{zeQlp) <p'}
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By Taylor’s theorem, ¢, can be written as
Su(r) = p(x) — plp(2)]* + 5|2 — 20|* + E(2),
where the error term E(x) satisfies
|E(z)] < |z — 20, xeU.
Then, by further shrinking ¢ if needed (depending on p and p), we see that
(2.12) 6u2) 2 p(@) L= pp(@)] + il — o,z eV,

In particular, (2.11) and (2.12) imply that ¢,(x) > 0 for any x € V' with p(x) > 0.

Next, fix a constant 0 < § < (4p)"'e?. In order to show (2.9), with our chosen V and 4, it
suffices to prove that if x € OV and ¢,(x) < 6, then p(x) < 0. To establish this, we observe
that if x € 0V and ¢, (z) < 6, then (2.12) yields the inequalities

pa) 1 = pp(@)] + .62 < dulx) <0, p(x)[1 = pp(x)] < 0.
Now, since 1 — pp(z) > 0 by (2.11), it follows that p(z) < 0, as desired. O

We now state, as a hypothetical property, the general form of our Carleman estimate:

Definition 2.16. We say that (P, %, p) admits a Carleman estimate at xo iff there exists a
neighborhood U CC Q of xg, a Carleman weight ¢ € C>(;R) for p at xg, and constants
C, Xo > 0 such that for any w € C§°(U;C) and A > Ao,

m—1
(2.13) A lePowll ) = O YA eV w0 ey,

=0

The Carleman estimate property has an equivalent formulation, in which the exponential

weight is removed at the cost of replacing Py with a conjugated operator. In the remainder
of this subsection, we describe this more convenient alternate formulation.

Definition 2.17. Given any A > 0, s € R, and open U C R", we define the norm
(2.14) [lls @) = (A = A)20]| p2(rny, v e Cy°(U;C).

Remark 2.18. Note that powers of A\— A in (2.14) are well-defined, since v can be smoothly
zero-extended to R™. Also, by repeated integrations by parts, we have that

k
(2.15) Polban = 3NVl zwy, v € CFU:C)

=0
for any k € N, where the constants depend only on k.
Proposition 2.19. (P, %, p) admits a Carleman estimate at xo if and only if there exists a

neighborhood U CC  of xg, a Carleman weight ¢ € C*(2;R) for p at x¢, and constants
C, Xo > 0 such that for any v € C§°(U;C) and A > Ao,

(2.16) le ™ Po(*0) |2y = CA[0llpm- -
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Proof. Suppose first that (2.16) holds. Fix w € C§°(U; C), and let

vi=e uw.
Then, since U is compact, we obtain
m—1 m—1
> N eV w| e me (e Ve ]| 2w
J=0 J=
S ||U||Hm 1

Applying (2.16), we then conclude, for A > A¢, that (2.13) holds:

3

A e oy S A2 Py (eX0) 12wy

<.
Il
o

— )\7% Hei)\(ﬁpo’lUHLQ(U) .

Conversely, suppose that (2.13) holds. We now fix v € C3°(U; C), and we let

w = eMv.
Then, recalling (2.15), we see that
m—1
Moy = A 3 A9 0Te Pz
=0
m—1
1 . .
SA2DY AT e VI gy
=0

Applying (2.13) and the above, we conclude, for any A > \q, that
1 _
A2 [[0]|ym-1 0y S e Powl| 2
S llePo(e**0) | 2wy

which completes the proof of (2.16).

O

2.3. Local Unique Continuation. The next definition captures the precise formulation

of the unique continuation problem that we wish to solve in these notes:

Definition 2.20. We say that (P, X, p) has the local unique continuation property at zo iff
there ezists a neighborhood U of xy such that if w € C*(Q;C) satisfies Pw =0 on 2, and

if w=0 on the region {x € Q| p(x) <0}, then w =0 on U as well.

In other words, if (P, 3, p) has the local unique continuation property at some zy € X,

then any solution of Pw = 0 that vanishes when p < 0 can be uniquely continued as a zero

solution past 3, at least near zy. The main goal of the present notes is to identify conditions

under which (P, X, p) has the unique continuation property at x.

Remark 2.21. Definition 2.20 is sensitive to the chosen orientation of ¥. In particular, it

is important that we are continuing solutions of Pw =0 from p < 0 into p > 0.
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We now establish the connection between unique continuation and Carleman estimates. In
short, proving a Carleman estimate leads to a corresponding unique continuation property:

Theorem 2.22. Suppose that (P, %, p) admits a Carleman estimate at xo. Then, (P,%, p)
has the local unique continuation property at xg.

Proof. Let U, ¢, and Ay be the objects from Definition 2.16 corresponding to the assumed

Carleman estimate at zg. Then, by Definition 2.12, we can find an open V C U and 6 > 0

such that ¢(x) > ¢(zg) for any x € V with p(x) > 0, and such that (2.9) holds.
Furthermore, let x € C*°(RR; [0, 1]) be a cutoff function satisfying

(2.17) X|[_g,g] =1, X|R\[_23£,23i] =0,
and define the following (non-empty by assumption) subsets of V:
(2.18) Ve :={zeV|p(x) >0, ¢(x) — p(zo) < §},

Vo i={zeV|p(x) >0, <o) —¢(x) <2}
Now, let w € C*(2; C) satisfy Pw = 0, and assume w = 0 on {p < 0}. By (2.9),
supp[x(¢) w] € {z € V' | p(z) > 0, ¢(z) — ¢(z0) < 0} C V,

and hence x(¢) w € C§°(U;C). Consequently, we can apply Definition 2.16 to x(¢) w, which
yields the following Carleman estimate for each A > Ag:

m—1 m—1
(2.19) S ONT T eV gy < > AT eV [y (¢) wll| 2oy
j=0 j=0

< A2 le M Po[x () w2 (0)-

Recalling that Pw = 0, we can then expand and estimate

m—1m—j

(2.20) Polx (@) wll S x(8) [Pow] + > > XM (¢)]|[ V7wl
j=0 k=1
m—1m—j ‘
< Ix®(6)]| V],
j=0 k=0

where the constants of the inequalities can depend on ¢ and the coefficients of P (but not on
w). Moreover, from (2.17) and (2.18), we see that the right-hand side of (2.20) is supported
in V. U V5. Thus, combining (2.19) and (2.20), we obtain the estimate

m—1 m—1 m—1

S AT e MV w|pany SATED le VW] ey +ATE D e VW] 2

j=0 j=0 =0

Also, for large enough A, the first term on the right can be absorbed into the left:

3

m—1
_ i -1 — j
(2.21) Y e Vowll ) SAT2 Y eV w]| ),
j=0 J

Il
o
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From the definitions (2.18), we see that
Ad Ad

e”\¢)|v< >e 3, e’w\\@ <e 3.

Using the above, we can then remove the exponential weights from (2.21):

3
3

. 1 ,
HvaHLQ(V<) SAT2 HvaHLQ(V>)'
J

Il
=)
I
)

J

Taking A * oo, we conclude that w =0 on V_.

From the above, along with our original assumptions for w, it follows that w = 0 on the
neighborhood W :=V N {¢ — ¢(xy) < g} of zy. Finally, as W is independent of w, we have

shown that (P, X, p) satisfies the local unique continuation property at x.

In particular, Theorem 2.22 reduces the problem of deriving the local unique continuation

property to that of proving a Carleman estimate. Thus, in the remainder of these notes, we

will focus our attention on establishing Carleman estimates.
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3. THE SyMBOL CALCULUS

The aim of these notes is to study Carleman estimates through microlocal methods. In
this section, we give a brief survey of the microlocal background that we will need to prove
our Carleman estimates. Then, we reformulate the conjugated Carleman estimate (2.16) as
a corresponding pointwise inequality for the appropriate symbols.

3.1. A»-Parametrized Symbols. A key idea in microlocal analysis is to systematically study
classes of operators through corresponding classes of functions known as symbols. While we
wish to do this here for Carleman estimates, the process runs into some complications.

In particular, from Proposition 2.19, we saw that in order to prove Carleman estimates
for Py, we must deal with conjugated operators of the form e **Pye*?, which contain terms
with lower-order derivatives paired with an arbitrarily large parameter A. Thus, we must also
view these lower-order terms as “principal” in our analysis. This motivates the construction
of a modified “A-dependent” symbol calculus, which we describe below:

Definition 3.1. Given s € R, we let A*(R™) be the space of allb € C*(R" x R"™ x (0, 00); C)
such that for any multi-indices 1, J, there exists C' > 0 (depending b, I, J) such that

(3.1)  |VasVesb(z,&,N)] < CO2+ €17, (2,6,)) € R* x R" x [1,00).
Such a function b is called a (smooth, \-parametrized) symbol on R™ of order s.
We can then associate such symbols with a corresponding class of operators.

Definition 3.2. We will adopt the following convention for the Fourier transform:
(32 0= [ epln)ds, o e CFRYC)
Definition 3.3. Given s € R, A € [1,00), and b € A*(R™), we define the operator op,(b) by

B3) o) = G [ e NGO, b e CRRNC), aeR”

)"

op,(b) is called a (A-parametrized) pseudodifferential operator on R™ of order s.

Remark 3.4. For any integer M > 0, the (\-parametrized) polynomial
(3.4) be C®R" xR" x (0,00);C), bz, &,A) = Y bi() &N,
[I]+5<M
with b"7 € C§°(R™; C) for each such I and j, defines an element of AM(R™). By elementary
properties of Fourier transforms, b is associated with a family of differential operators:
(3.5) opa(b) = > VYND, A€ [l,00).
[T]+5<M

Remark 3.5. Observe also that for any s € R, the function

(3.6) 7° € O®(R" X R" x (0,00);C),  7°(x,€,A) == (A + [¢])?
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defines an element of A*(R™). Furthermore, a direct computation using (3.3) yields
(37) opy(1) = (¥~ A)E, A e [1,00).

Proposition 3.6. Let s € R and b € A*(R™). Then:
o There exists C > 0 such that for any ¢ € C(R™;C) and X € [1,00),

(3.8) lopA(0)¢ll L2 @my < C¢]
e There exists C' > 0 such that for any ¢ € C§°(R™;C) and X € [1,00),

(39) (OPA D). V) 120) < ClYl 3 g

Proof. (We defer the proof to the Appendix to avoid an extended technical detour.) 0

Hi (Rn) .

One quantity that will often arise is the Poisson bracket, which we now recall:

Definition 3.7. Given qi,q € C®(U x R™;C) and by,by € C(U x R" x (0, 00); C), where
U C R” is open, we define their Poisson bracket by

(3.10) {01,302} == Veqr - Vago — Vaqi - Vege € CF(U x R™; C),
{bl, bg} = V&bl . beg — bel . v§b2 < COO(U x R™ x (0, OO); C),
where Vo and V¢ denote gradients in the “U” and “R"™” components, respectively.

Remark 3.8. In the context of Definition 3.7, any 1» € C°(U;C) can also be viewed as an
element of C*°(U x R™;C) that is independent of the latter argument. This allows one to
make sense of Poisson brackets involving 1»—e.q., for any q € C*°(U x R"™;C), we have

{¢,V}(2,€) = Veq(z,8) - Vip(z),  (2,§) e U XR™
Remark 3.9. Note that if by € A*'(R™) and by € A**(R"), with s1,s9 € R, then
{b1, by} € AsFs2= 1 (R,

We now recall some standard correspondences between algebraic operations on pseudodif-
ferential operators and algebraic operations on the corresponding symbols:
Proposition 3.10. Let s, 1,50 € R, and let b € A*(R"), by € A*1(R"), by € A*2(R"):
o There exists r € A2 2(R") such that

(3.11) opy(b1) 0py(b2) = 0py(b1ba — iV by - Vi by + 1), A€ [1,00).
o There exists r € A**T272(R"™) such that

(3.12) [0px(b1), 0px(b2)] = opy(—i{b1, ba} +7), A€ [l,00).
o There exists r € A*"H(R") such that

(3.13) opy(b)* = op, (b + 1), A€ [1,00).

Proof. (We defer the proof to the Appendix to avoid an extended technical detour.) O
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The final ingredient from microlocal analysis that we will need is a way to convert symbol
inequalities to bounds for corresponding operators. This is achieved through a semiclassical
variant of the sharp Garding inequality, for which we give a precise statement below:

Theorem 3.11. Let s € R and \g > 1, and suppose b € A*(R") satisfies
(3.14) b(x,&,\) >0, (2,6, A) € R" x R™ X [Ag, 0).
Then, there ezists C > 0 such that for any A\ > Ao and ¢ € C(R™; C),
(3.15) Relop, (98 22y 2 ~Co 1 o

7 @)

Proof. (We defer the proof to the Appendix to avoid an extended technical detour.) O

Remark 3.12. The crucial semiclassical feature of (3.15), in contrast to the basic sharp
Garding inequality, is that (3.15)—in particular the constant C'—is uniform in \.

3.2. Positive Commutators. We now turn our attention back to our differential operator
P. First, we associate transform its principal symbol p to a conjugated symbol:

Definition 3.13. Given any ¢ € C*(4;R), we define p, € C®(2 x R™ x (0,00); C) by

(3.16) po(x, &, ) = p(x, € —irdo(x)).

Remark 3.14. Note if x € C°(4;R) is a cutoff, then we can define an associated symbol
xpy € AT(R"), (xpo)(2,€A) = x(x) ps(x, &, A).

Proposition 3.15. Let ¢ € C°(;R), and suppose U CC Q) is open. Then, there is some
ry € A"HR™) such that for any cutoff x € C*(4;R) satisfying x|v = 1, we have

(3.17) e Py (e*v) = op, (xpy + 74)0, A€ [l,00), veCU;C).
Proof. First, observe that the left-hand side of (3.17) can be written as
(3.18) e Poe® = Y p! (D —iXdg);.

|[I|=m

Moreover, by (2.6), (3.3), and (3.16),

opa(xpa)ota) = S 91 (o) [ (e~ indofa))soe) de

[I|=m

which, by (3.18) and basic properties of the Fourier transform, coincides with xe Py (e*v),
except for terms obtained when instances of D in the right-hand side of (3.18) hit instances
of d¢. These terms together comprise a differential operator of the form

R = Z ' M Dy, r e C°(R™C), M€ [l,00).
[I|4+j<m
As a result, we obtain that

xXe P —opy(xps) = opa(re),  rei= Y I NE € ATTHRY).
[1|+5<m
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The desired (3.17) now follows, since x = 1 on the support of any v € C°(U;C). O
Finally, we reduce the Carleman estimate (2.13) to a commutator estimate for py:

Proposition 3.16. (P, %, p) admits a Carleman estimate at xy if there exist a neighborhood
U cC Q of zg, a Carleman weight ¢ € C°(Q;R) for p at xy, and constants C' > 0, \g > 1
such that the following inequality holds for every x € U', £ € R™, and X > Ag:

(3.19) Ao\ + [€1%) 72 py(, & NI + {Repg, Tmpy}(, €, A) = OAN + €)™,
Proof. Fix a neighborhood U CC U’ of z, as well as a cutoff function
(3.20) X € C(Us00,1),  xluv=1.
Moreover, let C be as in (3.19), and let b € C°(R™ x R™ x (0, 00); C) be given by
(3.21) b, €)= b, € NP + [bula, € N + bl &, 0) £ b (1,6, ),
b6, 2) = X(2) A (0% + [¢2) 7 Repo(a, €. 1),
2,6 0) 1= x(@) A (A2 [€13)7F Impy(a, €, ),
2,6, 7)== [x(2)]* {Repy, Impy } (2, €, V),
b-(z,& ) == —[x(@)]* CAN* + [¢]*)™ .
Note in particular that b € A*™~}(R"™), and that (3.19) and (3.20) imply
b(xz,&,\) >0, (x,&,\) € R" x R" x [Ag, 0).
Thus, Theorem 3.11 yields some C’ > 0 such that for any v € C§°(U;C) and A > A,

be(

C

(3.22) _C/“UH?H;wl(m < Re<0p>\(b72ﬂ>vav>L2(R") + Re(op, (b7)v, V) 2 (Rn)
+ Re(opy (be)v, v) 2mny + Re{op, (b-)v, v) 2 mny.

In (3.22) and below, we will let C’,C” > 0 denote various constants which are independent
of v and A, and whose values are allowed to change between lines. Recalling (3.3), and noting
that v is supported only where y is identically 1, we obtain

B2)  (onalb )y =~ [ A+l [ T de

< —=C"MJw

2
HHT_I(U)’

for v and X as above. Furthermore, since op, (b.) is a differential (and hence local) operator,
and hence y = 1 on the support of v, then (3.3) also yields that

1 . o
(3.24) (0P (be)v, V) r2@n) = W/U/ e Re pg, Im py }(z, &, \)o(&)v(x) dédw
= (opx({x Repg, x Im pg })v, v) £2(n).
Combining (3.22)—(3.24) then yields
(3.25) C’/)\HUHZTA(U) < Re<op,\(b72~)U>U>L2(Rn) + Re(op, (b)), V) L2 (R
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+Re{opa({x Repg, X Im py})v, v) 2y + C' |03 01 1
Noting that b,,b; € Am_%(R”) are both real valued, then Proposition 3.10 implies
op(br)* op(br) = oy (b} + py), op(bi)* op,(bi) = op, (07 + pi),
for some p,, p; € A*"72(R™). In particular, Proposition 3.6 and the above yield
(3.26) (oPA(B7)v, v) 2y < [ 0PA(br )Vl 2y + CM V501 1
(0P (6)v, v) 12y < [l opA(B) VI T2 en) + C 01 0

Next, we estimate the L?-norms of op, (b,)v and op, (b;)v using (3.7), Proposition 3.6, Propo-
sition 3.10, and the definitions (3.21) of b, and b;. Combining this with (3.26) yields

3 _1 2
(3.27) (0pA(b})v, V) r2(ny < || AG (A2 — A) "7 op,(x Repqg)vHB(Rn) + C"||v||i[;n_1(U),

(opAE)0, )zagaoy < IO = A)F oy ( Impo)e[ 2y gy + €0 gs
Next, consider the operators
(3.28) J = 3lopa(xps) +0opa(xpe)l, K = 3op,(xPs) — opx(xXPs)]-
Applying Proposition 3.10 to the above, we can then write
J = op,(xReps + ), a, € A"THRY),
K =iop,(xImpy + o), a; € A"HR™),
[J, K] = opy({x Repg, xImpy} + ac), e € A" 7*(R").
Applying the above along with Proposition 3.6, (3.25), and (3.27), we then obtain
(3.29) C"Allv < MG = A) 5Tl gy + A OF = A) K
+ Re([J, Kv,v) 2mny + C"||v||Hm L)

< N0y + 1022y + Rell, Ko, 0) p2gay + C' 0l

||/Hm 1

where in the last step, we also used that A > Ag.
Since J* = J and K* = — K, and since v has compact support, a computation yields
| OPA(X%)UH%%W) = ((J + K)v, (J + K)v)r2®n)
= HJUH%Q(R") + HKUH%%W) + Re([/, K]“a“>L2(R”)-
The above, combined with (3.29), results in the bound

CMolBsy < 10000 ey + Ol
Finally, applying Proposition 3.6 and Proposition 3.15 to the above yields

C" v vy < €7 Po(0) |22y + C'lv

HH'm 1 HH'm 1 )

By increasing )\ if needed, the last term on the right-hand side can be absorbed into the
left, and we obtain the estimate (2.16); the result now follows from Proposition 2.19. O
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4. PSEUDOCONVEXITY AND UNIQUE CONTINUATION

In this section, we state and prove Hérmander’s general local unique continuation result for
linear differential operators, for which the crucial condition needed is strong pseudoconvexity.
Under this assumption, we prove a Carleman estimate of the form (2.13).

4.1. Pseudoconvexity. The first task is give a precise definition of pseudoconvexity:

Definition 4.1. (3, p) is pseudoconvex at xg with respect to P iff for all £ € R™\ {0}, if

(41) p(l’o,f) = {pap}(xmf) :07
then the following inequality holds:

Definition 4.2. (3, p) is strongly pseudoconvex at xo with respect to P iff:

o (X, p) is pseudoconver at xo with respect to P.
o Forany A >0 and £ € R", if

(4.3) Po(0,& A) = {pp, p} (@0, §, A) = 0,

then the following inequality holds:
(4.4) {Rep,, Imp,}(zo,&,A) > 0.
Remark 4.3. For future reference, we note here the identity
(4.5) {Repg, Impy} = 5:{Ds, 06}, ¢ € CP(4R).
Remark 4.4. Direct computations using (3.16) yield, for any & € R", that
(4.6) }\i{‘%pp@;m §,\) = p(wo,€), }\i{‘%{pm p}Hwo, & A) = {p, p}(z0, §)-

Thus, the assumption (4.1) (for & #0) is simply the condition (4.3) as A\ 0.

Strong pseudoconvexity will be the crucial condition required for our most general local
unique continuation result. However, there are simpler special cases worth mentioning:

Proposition 4.5. Suppose the following conditions hold:

e Given any £ € R"\ {0}, if p(xo,&) =0, then {p, p}(x0,§) # 0.
e For any (67 )\) € R" x (07 OO), /L.fpp<x07§7 >\) = 07 then {ppa p}(l’o,ﬁ, )\> 7£ 0.
Then, (X, p) is strongly pseudoconvex at x.

Proof. First, for any A > 0 and £ € R", our second assumption implies that (4.3) can never
hold. Thus, the second condition in Definition 4.2 is vacuously satisfied.

Similarly, for any £ € R™\ {0}, our first assumption implies (4.1) can never hold. Thus,
(3, p) is pseudoconvex at zy with respect to P, which completes the proof. O]

Proposition 4.6. Suppose that ¥ is strictly hyperbolic at xq with respect to P. Then, (3, p)
is also strongly pseudoconvex at xo with respect to P.
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Proof. Fix (£,)) € R™ x (0,00). First, if £ A dp(zo) # 0, then
—i{pp, p}(w0, &, A) = O:[p(x0, & — iT dp(0))]|, - ,
—i{p, p}(z0, &) = O:[p(z0, § — i dp(x0))]|,—p

and both of the above are nonzero, since by Definition 2.11, the polynomial f, ., ¢ defined
in (2.8) (with our current £) has only simple roots.
Next, suppose & A dp(xg) = 0. Then, there is some o € C \ {0} such that

§ —iAdp(zg) = o dp(xo), pp(0, &, A) = ™ p(wo, dp(o)).
In particular, since ¥ is non-characteristic at zq, we have p,(zo, £, A) # 0. Similarly, if £ # 0,
then there is again some o € C\ {0} satisfying that
§ = odp(xo), p(xo,§) = 0™ p(xo, dp(x0)),

the latter of which is nonzero since X is non-characteristic at x.
Thus, the assumptions of Proposition 4.5 are now satisfied, and the result follows. 0

We conclude with some explicit formulas for the quantities in (4.2) and (4.4):
Proposition 4.7. The following hold for any ¢ € C*(;R), £ € R™, and A € (0,00):
(47) - Re{pa {p7 Qb}}(l'o, 5) = —V§Z§(Zlf0, 5) ' V2qb(x0) ) pr(x()v 6)

—Re Y 02, p(w0,£)0e, (w0, §) Dy (o)

a?B:]‘

+ Re Z 82a€ﬁp(x076)81“15(1'076)815@5(3:0)7

a,f=1
—i{Ps, po}(0,&, A) = Im[Vep(z, § — iXdd()) - Vop(z, £ — iddo())]
= AVep(x,§ — iXdd(z)) - VZp(x) - Vep(,§ — iddg(x)).
Proof. For the first part of (4.7), we begin by computing
{P:{p, 93} ={p, Vep - Vo}
= Vep - Va(Vep Vo) = Vip - Ve(Vep - V).
In particular, evaluating the above at (zg,§), we obtain

{ﬁa {pv ¢}}(‘T07£> = v§]5($0, 5) ' V2¢(l’o) ' Vgp(xo,g)

+ )" g pl0, €)0e, B0, €)Dus d(o)

a,f=1

B Z agafﬁp(xo’€>axaﬁ<x07€>ax5¢(x0)'

O‘vﬂzl

The first part of (4.7) follows from the above, along with the observation that the first term
on the right-hand side of the above is always real-valued.
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Next, for the second part of (4.7), we directly compute
—i{7, o} (.6, 0) = I Ve [, € = IXdo(@))] - Valp(e,€ — iXdo(a))
— I[Vep(e,€ — iAdg(x)) - V(e € — iAdo(a))]
— Im[iA Vep(x, € — iAdg(x)) - V?é(x) - Vep(z, € — iXdo(x))].
The desired identity follows, since the following is always real-valued:
Veb(z, £ —iXdd(x)) - VE(z) - Vep(w,§ — i dg(x))). m

4.2. Some Expansions. We now present some estimates that will be useful for our unique

continuation result. We begin with some properties of the weights ¢,, from Proposition 2.15.

Definition 4.8. Fiz u, > 1 large enough so that U,, CC Q. Given any pu > p., we set
(4.8) U,:={zx€Q||x—xzo| <p?}.
Proposition 4.9. Let u > p., and let ¢, be defined as in (2.10). Then, for any x € Uy,
(4.9) Vou(x) = V(o) + Vp(x0) - (x — 0) — 2u[Vp(wo) - (2 — 20)]Vp(0)
+pu7 (@ = o),
V2@, (x) = V2p(x0) — 2u[Vp(0) @ V(o)) + 7 I,

where I, denotes the n X n identity matriz. Furthermore:

o There exists a constant C' > 0 such that for any x € Uy,
(4.10) V9u(a) — Vplao) < O
e There exist constants C,C" > 0 such that given any (x,&,\) € U x R" x [1,00), the
following inequality holds, with (, =& —iXdp,(x):
(411) lu()\2 =+ |€|2)7% ‘pdm(x? 57 >\>|2 + {R'ep(i);n Imp%}(x, 57 )\>
> C'pl Gl p(, Gu)I? + pA [ Vep(@, Gu) - V(o) |* + 3 Im(Vep - Vap) (2, C,)
- %)‘ Vep(z, Gu) - V2p(x0) - Vep(z, Gu) — Cu~'x ’Cu‘zmﬁ'
Proof. First, both identities in (4.9) follow from directly differentiating the defining formula
(2.10). Furthermore, (4.10) then follows from (4.8) and the first part of (4.9).
Next, for (4.11), we begin by applying (3.16), (4.5), and the last part of (4.7):
O+ [€P)72 pg, (2, & MI” + {Repg,, Tmpg, H(,6, 1)
Z C,M|§M|_l|p(l‘7 C,u)|2 + %Im(vfﬁ : vxp)(xv gu) - %)\V&ﬁ(l’, CM) ' VQQSM(:E) ' v§p(l’, CM)

(In the above, we also observed that |(,]|? ~ A? + |¢|* on U,.) The result now follows from
applying the last part of (4.9) to the above, and noting that

’vfﬁ(x7 C,u)‘z 5 ‘Cﬂ’Qm_27

since the left-hand side of the above is homogeneous of order 2m — 2 in (. 0
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We will also need the following estimate in our unique continuation result:

Proposition 4.10. Suppose p is real-valued. Moreover, let j1 > 1., and suppose ¢, is defined
as in (2.10). Then, there exists some constant C' > 0 such that the following inequality holds
for all (z,§,\) € U, x R" x [1,00), and with (, =& —iAdp,(x):
(4.12) Im(Vep - Vop)(2, Gu) = AVep(,8) - Vp(ao) - Vep(z, €)
> —ARe{p, {p, p}}(0, &) — Cp " A[Gu[*™ ™ = ON?[G[*" 2.
Proof. Applying Taylor’s theorem about A = 0, we have, for (z,&,\) € U, x R" x (0, 00),
(4.13)  Im(Vep- Vap)(z,¢u) = Im(Vep - Vap) (2, €) + A0, [Im(Vep - Vap) (2, Cu)ll7=0
+ XN o(z, & N)
= —ARe V¢u(x) : Vf(véﬁ : pr)(l', E) + )‘2 O'(l’, 57 >‘>7

where we noted Im(V¢p-V,p) = 0 due to p being real-valued, and where o is a homogeneous
polynomial in (&, A) of order 2m — 3 and hence satisfies (as [(,]* ~ A\? + |¢|> and U, CC Q)

(4.14) o2, &, ) S P (2,6,0) € Uy x R™ x [1,00).
Further expanding the right-hand side of (4.13), we obtain

(415) IHl(Vgﬁ : pr>(il3, Cﬂ) = ARe Z Raﬂ(iﬁoyf)8xﬂp<xo> + g('x7€7 )‘)7
a,B=1

Rap(x,€) = (0%, fﬁpaxap 0o, p0c. D) (2, €),

E(x,&,)) = ARe Z Rap (@, )00 0u(x) — Dpaplw0)] + X 0(,€, )
a,B=1

+ ARe Z a3 (2,§) — Rap(w0,£)]0,8p(20).
a,f=1

Since p is a homogeneous polynomial in £ of order m, then (4.8), (4.10), and (4.14) yield
(4.16) € (2, & N S TGP 4+ NG
Combining the first part of (4.7), (4.15), and (4.16), we see there exists C’ > 0 with
Im(Vep - Vap)(x,Gu) = AVep(x,€) - VEp(x0) - Vep(z,¢)
> MVep(xo,€) - V2p(wo) - Vep(wo, &) = Vep(x,€) - V2p(x0) - Vep(a, €)]
= ARe{p, {p, p}}(20,§) = O NG = C/A|C 2
The desired (4.12) follows immediately from the above after recalling (4.8). O

4.3. The Main Result. We are now prepared to state and prove our main unique contin-
uation result. In practice, the remaining task is to prove the symbol inequality (3.19).

Theorem 4.11. Suppose p is real-valued, and assume (3, p) is strongly pseudoconver at xg
with respect to P. Then, (P,%, p) has the local unique continuation property at .
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Proof. From Theorem 2.22, it suffices to show that (P, X, p) admits a Carleman estimate at
xo. For sufficiently large p > f1,, we define ¢, and U, as in (2.10) and (4.8), respectively.
Note that Proposition 2.15 implies ¢,, is a Carleman weight for p at zy. Thus, by Proposition
3.16, it suffices to show that there exists sufficiently large pg > Ao > 0 such that

(4'17> /L(/\Q + |§|2)_%|p¢u(x,f, /\)|2 + {Rep%’ Imp%}(x,ﬁ, /\) > M_IA()‘Q + |§|2)m_1

holds for all u > po, z € Uy, £ € R, and A > A.
Suppose, for a contradiction, that the inequality (4.17) fails to hold. Then, there are

(4.18) 1, € Uy, (&, A\e) € R™ x [k?, 00), N>k > p.,
such that the following holds for all k > u,:
(4.19) kO + 161772 P, (@, s A)I” + {Re pisys Tm s (s i M) < ARG + A"
For convenience, we define, for each k > u,, the shorthands
(4.20) Cro= & — N dor(ar),  [Gl? = AF+ &)
as well as the normalizations
(4.21) Zr =Gl G E= Gl A= G
Now, since xy, € Uy, then (4.8) and (4.18) imply |z — zo| < k72, and by (4.9),
(4.22) Jim ay =@, lim Vo (wr) = Vp(ao).
Furthermore, passing to a subsequence, we obtain additional limits
(4.23) klggo(Ek’Ak) = (20, Ao) # (0,0), lil£11 Zy = Zo, |Zo| =1.
Using (4.11) (with p := k), along with (4.20), we can expand (4.19) as
(4.24) Cok ™M G2 > Cike |Gl ™ P (s G P+ ke [ Vep(ak, G) - V(o) 2
+ 5 (Vep - Vap) (2, Gi)
— X Veb(m, &) - V(o) - Vep(a, G),
for some C,, C} > 0. Dividing (4.24) by k|x|*™~! then yields
(4.25)  C.Ak™2 > Cilp(y, Zi) P + 55 Ta(Vep - Vap) (2, Zi) + A [Vep(ar, Zi) - Vo(xo)|®
— 5= N Veb(an, Z) - Vp(o) - Vep(ak, Zy).

From here, the proof splits into two cases, depending on the value of Aqg.
First, suppose Ag > 0. Letting & * 0o in (4.25), then (4.22) and (4.23) yield

(426) |p(l’0, Z0)|2 = O, pp($07 Eo, Ao) = O
Dividing (4.24) by kA|C|*™ 2 and discarding the non-negative term |p(z, (x)|?, we have
Cuk™ > 3k A Im(Vep - Vap) (@, Zi) + [Vep(an, Zi) - V(o)
— 3k Veb(ar, Zi) - Vp(xo) - Vep(wn, Zi).
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Letting k * oo, noting that A;* — Ay' > 0, and using (4.22) and (4.23), we see that
(4.27) Vep(wo, Zo) - Vp(zo)? =0, {p,, p}(x0, Zo, Ao) = 0.
Now, dropping both non-negative terms in (4.24) and dividing the result by |(x
Cok™ Ay > L Im(Vep - Vop)(wr, Z1) — 1Ak Ved(ay, Zi) - V2p(20) - Vep(ar, Zy).
Taking the limit & oo in the above and recalling (4.22)—(4.23) results in the inequality
Im(Vep - Vap) (20, Zo) — Mo Vp(20) - (Vep(0, Zo), Vep(zo, Zo)) < 0.

2= yields

Combining the above with the second part of (4.7) yields
(4.28) —i{Dp, Pp} (%0, Zo, Ao) < 0.

In particular, (4.26)—(4.28) contradict that (X, p) strongly pseudoconvex at .
Therefore, it remains only to consider the case Ag = 0, and to derive a contradiction in
this setting. Letting k& ,* oo in (4.25)—and recalling (4.22) and (4.23)—now yields

(4.29) p(z0,Z0) = 0.
Moreover, applying (4.12) (again with u := k) to (4.24) yields, for some C” > 0,
(4.30) CLk™ Ne[G[ P72 > Cik |Gl p(k, Go) P + B [Vep(an, G) - V(o)
— IeRe{p, {0, o} 0, &) — ORGP — ORGP,
Dividing (4.30) by kAg|Cx[*™ 2, we then obtain
Coli~ > [Vep(an, Z4) - Vp(wo)|* — 357 Re{, {p, p}Haw, Ba) — O 2 — /A,
Letting k oo in the above, applying (4.22) and (4.23), and recalling that Ag = 0 yields
(4.31) [Vep(ao,Zo) - Vp(ao)* =0, {p, p}(w0,Zo) = 0.
We now discard the first two terms on the right-hand side of (4.30) and divide by Ag|Cx[*™ %
Cuk™' > =1 Re{p, {p, p} Hax, Z) — O’k = C'Ay.
Letting £ " oo in the above and recalling that Ag = 0 results in the inequality
(4.32) — Re{p, {p, p} }(z0,Z0) < 0.

Since Ag = 0, then (4.23) implies =y # 0, hence (4.29), (4.31), and (4.32) again contradict
the assumption that (X, p) is strongly pseudoconvex at x.
Thus, we have a contradiction for all possible cases, completing the proof of (4.17). U
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5. SECOND-ORDER OPERATORS

In this section, we apply our theory to the special case of second-order operators with
purely real principal symbols. This includes both elliptic equations arising from Riemannian
metrics and wave equations arising from Lorentzian metrics.

5.1. Classification of Operators. We begin by defining our notations:

Remark 5.1. For convenience, we adopt Finstein summation notation—indices repeated in
superscript and subscript are understood to be summed over the values 1,...,n. Furthermore,
we use the standard shorthand 0, to represent the derivative Oya.

Assumption 5.2. Let G denote the second-order linear partial differential operator
(5.1) G =g 005+ 9" 00+ ¢°
= —¢*" DoDg +1i9* Do + ¢°,

where the second-order coefficients satisfy
(5.2) g% € C=(; R), ¢®*P =g a,pe{l,. .. n},
and where the lower-order coefficients satisfy

g*,g° € C*(Q;C), a€e{l,...,n}.
Furthermore, keeping with our conventions, we let g denote the principal symbol of G:
(5.3) 9@.6) = =" (@) €absr (0,6 €Q X R

Remark 5.3. The symmetry assumption in (5.2) does not result in any loss of generality;
one can always reduce to the symmetric case by replacing each g*® by %(go‘ﬁ + g°).

Remark 5.4. We can associate the principal coefficients g*° with a (co-)metric g on §2:
(5.4) g OxR"xR" =R, g(2;:¢() = g™ (2) &als.
In particular, observe that:

e [f g is Riemannian, then G is a geometric Laplace-Beltrami operator.

e [f g is Lorentzian, then G is a geometric wave operator.

Proposition 5.5. The following properties hold:

e G is elliptic at xq if and only if g(xg, ) is everywhere positive or everywhere negative.
e > is non-characteristic at xo with respect to G if and only if

(5.5) (9°70appp)(20) # 0.
Proof. This follows immediately from Definition 2.9, Definition 2.10, and (5.3). O

Remark 5.6. Proposition 5.5 can also be reformulated using geometric language:
o G is elliptic at xg if and only if +g or —g is Riemannian at x.
e X is non-characteristic at xo with respect to G if and only if ¥ is not g-null at xy.
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Lemma 5.7. Let £ € R", and assume £ is of the form

(5.6) E=¢ +adp(xo), a €R, (g*P04p)(x0) & =0.
Then, the polynomial

(5.7) foane 1 €= C, foxog(0) = g(x0,§ + 0 dp(x0))
has simple, real roots if and only if

(5.8) (9°70apd3p) (o) - ¢ (20) €€, < 0.

Proof. Using (5.3), (5.6), and (5.7), we expand, for any ¢ € C,

faaoe(0) = —g°° (20) (€ + 0 Oap(x0)) (€5 + 0 Dpp(0))
= —(9"70apsp)(x0) - 0> = 2(g°7 Dap)(0)Es - 0 — g*7 (0)Eabs
= —(9""0apdsp)(wo) - 0 — 2a(g*"Dapdsp)(x0) - 0
- [9“5(930)5&% + a?(g* apdsp) (o))

Then, f, ., has simple, real roots if and only if its discriminant is strictly positive:

0 < a®[(9*"0apdsp)(20)]> — (97 0apdsp) (20)[9°" (0)E4EL + a®(9°” OapDsp) (x0)]
= —(9*"0apsp)(x0) - g* (20)E0Eh- O

Proposition 5.8. X is strictly hyperbolic at xo with respect to G if and only if

(5.9) (9°”0apDsp)(xo) - 9" (x0) €,€, < 0
holds for any £ € R™\ {0} satisfying

(5.10) (9% Bap) (o) 5 = 0.

Proof. First, assume ¥ is strictly hyperbolic at zg with respect to G. If ¢ € R™\ {0} satisfies
(5.10), then & A dp(xg) # 0, since otherwise this implies

(97 0apBsp)(z0) = 0,

which by Proposition 5.5 contradicts that ¥ is non-characteristic at xy. By Definition 2.11,
the polynomial f, ., ¢ (as defined in (5.7), with a := 0) has simple and real roots, and hence
the desired (5.9) follows immediately from Lemma 5.7.

Conversely, assume that (5.9) holds for all ' € R™\ {0} satisfying (5.10). First, we claim
that (5.5) must hold. This is a consequence of the following:

o If there exists ' € R™\ {0} such that (5.10) holds, then (5.5) follows from (5.9).
e Otherwise, if no such £ € R™\ {0} exists, then (5.5) trivially holds.
In particular, Proposition 5.5 implies ¥ is non-characteristic at xq with respect to G.

Now, fix £ € R™ with £ A dp(xg) # 0. Using (5.5), we obtain that £ is of the form (5.6) for
some a € R. Moreover, the condition & A dp(xg) # 0 implies £ # 0, and hence (5.9) holds
with this ¢’. By Lemma 5.7, we conclude that the polynomial f, ., ¢ (with the above £) must
have simple, real roots. This proves that ¥ is strictly hyperbolic at xg. ([l
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Remark 5.9. Proposition 5.8 also has an equivalent geometric formulation. When n > 1,
we have that X is strictly hyperbolic at xo with respect to G if and only if g is Lorentzian at
xo (with either (—,+,...,4) or (+,—,...,—) signature) and 3 is g-spacelike at x.

Remark 5.10. Furthermore, in the trivial case n = 1, we obtain from Proposition 5.8 that
33 s strictly hyperbolic at xo with respect to G if and only if g is non-degenerate at xg.

Finally, for ¢ € C*°(€);R), we apply Definition 3.13 to G and g:

(5.11) 96(,6,2) = —g°°[€a — iX Da(@)][€5 — i ()]
= —g"%(x) €abp + 20X (9°70a0) () & + N (977 0a0050)(2),

for any (x,£,\) € Q x R™ x R. In particular, its real and imaginary parts are

(5.12) Regy(z, &, N) = —g°?(2) Enlp + N2 (9°°040030)(x),
Im gy (2, €, A) = 2X (9*70a0) () &5

5.2. Pseudoconvexity and Unique Continuation. We now study how the strong pseu-
doconvexity condition simplifies in the special case of our operator G. For this, we apply the
calculations in the previous section to the principal symbol g.

Definition 5.11. Given ¢ € C*(2; C), we define the g-Hessian V 1) of ¢ to be the matriz-
valued function on €2 whose components are given by

(5.13) (V2)*? = g™g7 0,0,0 + 3(9°"0ug” + 9™ 0ug™ — g 0ug®") 0.

Remark 5.12. Vf]w also has a geometric interpretation—when the corresponding metric g
is non-degenerate, ng is precisely the (dual of the) Levi-Civita g-covariant Hessian of g.

Proposition 5.13. The following hold for any ¢ € C*(;R), £ € R™, and X\ € (0,00):

(5.14) {9.0}(20,€) = —2(9"%0a0)(x0) &5
—Re{g,{g, 8} } (20, &) = —4¢ - Vzéb(%) 3
~i{Gg, 9o} (0, &, N) = —ANE - Vig(wo) - § — 4AN* Vo (w0) - Vig(xo) - V().
Proof. First, note that direct computations using (5.11) yield that

(515) afag(x(]?g) = _29045(1,0> 557 aro‘g(x()ag) = - aglul/(‘r()) gugl/v
a&xaxﬁg(x(]?g) = _anﬁgau(xo) g/u afaaﬁﬁg(xoaén) = _zgaﬁ(mo)_

The first part of (5.14) now follows from the above and Definition 3.7.
Next, for the second part of (5.14), we first apply (5.15) to obtain

(5.16) —Veg(z0,§) - V2¢(370) - Veg(x0,6) = —49%96”3#&/(?(%0) £alp-
Additional direct computations using (5.15) yield
(5.17) —Re D2, 9(0,€)0e,G(w0, ) Dus p(0) = —4(9™ Dug™ ) (w0) Eub,

Re 7, ¢,9(20, §)Oa0§(20, €) 0 p(0) = 2 (97 0g"” 05) (w0) §us-
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Combining the first part of (4.7), (5.16), and (5.17) results in second part of (5.14) (after
some additional algebraic manipulations and reshuffling of repeated indices).
Finally, for the last part of (5.14), we begin by applying (5.15) to compute

(5.18) Im[Veg(zo, § — iAd(x0)) - Vag(zo, § — iA do(z0))]
= 21m((¢°%0ag"") (o) (&5 + X Dp(20)) (& — iA Dup(0)) (& — iA Dub(0))]
= 2) (9°70ag"" ) (w0) [056(0) & — 20u6(0) €560
= 2X° (g7 0ag"” 0560,,00,9)(x0)-
Similarly, using that V? is symmetric, we can expand
(5.19) — AVeg(xo,§ — iAdd(wo)) - V*(x0) - Veg(wo, & — iAdd(x0))
= —4X (979" Dapd)(w0) (5 + 1A Dpd(0), & — iA Dy (o))
= —4N (979" Do) (w0) E5€ — AN (9°7 9" 090500, 9) (o).
Combining the second part of (4.7), (5.18), and (5.19) yields the last part of (5.14). O

The upshot of our computations is summarized in the following proposition, which shows
that for G, strong pseudoconvexity is equivalent to pseudoconvexity. Therefore, the crucial
criterion for unique continuation can be simplified considerably for wave equations.

Proposition 5.14. The following conditions are equivalent:

o (X, p) is strongly pseudoconvex at xy with respect to G.
e (X, p) is pseudoconver at xoy with respect to G.

e Given any £ € R"\ {0}, if
(520) gaﬂ(%) 6046,3 = 07 (gaﬁaap) (xO) 5,3 = O;

then the following inequality also holds:
(5.21) —& - V2p(wo) - € > 0.

Proof. That the second and third statements are equivalent follows from Definition 4.1 and
Proposition 5.13. By Definition 4.2, it suffices to show the second statement implies the first.
Suppose now that (X, p) is pseudoconvex at o with respect to G. Then, it suffices to show
that if (4.3) holds (with p := g) for some £ € R™ and A > 0, then so must (4.4).

First, let us suppose £ # 0. Note that (4.3) can be equivalently rewritten as

(5.22) g(wo, & —iXdp(xo)) =0,  0O;[g(wo, & — iT dp(x0))]|-=r = 0.

This implies i\ is a double root of the polynomial f, ., ¢ defined in (5.7) (with our present
€). However, since g is real-valued, then —iA must also be a double root of this polynomial,
which yields a contradiction. As a result, (4.3) cannot hold whenever £ # 0.

Next, suppose instead that & = 0. Then, (5.11) and the first part of (5.14) imply that the
condition (4.3), in the case £ = 0, is equivalent to

(5.23) 9(zo, dp(z0)) = 0, {9, p} (o, dp(z0)) = 0.
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Since (3, p) is pseudoconvex at xg, then Definition 4.1 and the second part of (5.14) yield
—dp(wo) - Vyp(ao) - dp(o) > 0.
Moreover, by the last part of (5.14), the above is precisely the condition (4.4):

—i{9,, 9,} (0,0, A) > 0, {Reg,,Img,}(zo,0,\) > 0.

Finally, combining both cases above completes the proof of strong pseudoconvexity. [

Corollary 5.15. If G is elliptic at xg, then:

o (X, p) is pseudoconver at xo with respect to G.
e (3, p) is strongly pseudoconver at xy with respect to G.

Proof. By Proposition 5.14, it suffices to show that (3, p) is pseudoconvex at xy. However,
g being elliptic immediately implies that (4.1) (with ¢ in the place of p) cannot hold. O

Remark 5.16. Pseudoconvezity also has a geometric interpretation. The conditions (5.20)
can be reformulated as £ being g-null and & being (g-)cotangent to X2, respectively. Therefore,
(3, p) being (strongly) pseudoconvex at xq can be geometrically characterised as (5.21) holding
for every g-null covector & € R™\ {0} that is (g-)cotangent to X.

Corollary 5.17. Suppose that (X, p) is pseudoconvex at xy with respect to G. Then, (G, %, p)
has the local unique continuation property at xg.

Proof. Since g is real-valued, and since Proposition 5.14 yields that (3, p) is strongly pseu-
doconvex at zg, the conclusion then follows immediately from Theorem 4.11. O
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APPENDIX A. MICROLOCAL ANALYSIS

In this appendix, we provide self-contained proofs of the key microlocal analysis results
from the main sections—in particular, Proposition 3.6, Proposition 3.10, and Theorem 3.11.
To keep the discussion as concise as possible, we try to cover only the material needed for
the above results, and we leave more systematic expositions to other sources.

Remark A.1. Some of the material below is an adaptation of parts of Peter Hintz’s lecture
notes [1] to a wider class of A-parametrized symbols. The proof of the sharp Garding inequality
given here is a special case adapted from the paper [4] of Nagase.

A.1. Generalized Symbols. In order to prove the above-mentioned results, we first need
to further expand our class of A-parametrized symbols. The first extension is to generalize
our symbols to allow for more flexible derivative estimates:

Definition A.2. For convenience, we adapt the following shorthand from (3.6):
(A.1) YR (0,00) > R, (& N) = (A2 + [¢%)2.
Definition A.3. Given s € R and 6 € [0,1), we let A3(R™) denote the space of all symbols
be C®R" x R" x (0,00); C)
satisfying that for any multi-indices 1, J, there exists C' > 0 such that
(A.2) Ve Vesb(z, &, 0)] < Cy(g, A+l
for any (x,&,\) € R x R" x [1,00).
Remark A.4. Note that A§(R™) coincides with A*(R™) from Definition 3.1.
There are multiple ways to associate our symbols with pseudodifferential operators:
Definition A.5. Given s € R, 6 € [0,1), b € A3(R"), and X € [1,00):
e The left quantization op/\ ) of b is defined, for any ¢ € C§°(R";C), by

G / / e CVEp(x, &, N (y) dydé,  x € R™.
)" Jre Jre

e The right quantlzatlon opR(b) of b is defined, for any 1 € C°(R™;C), by
oo [ [ e Vo v, e R

Remark A.6. Observe that if b € Aj(R"), then the left quantization op%(b) coincides with
op,(b) from Definition 3.3 due to the Fourier inversion theorem.

(A.3) opX (b (x) ==

(A.4) opX (b)Y (z) =

It will be useful to unify left and right quantizations in our upcoming analysis. For this,
we also consider a larger class of symbols depending on two spatial variables:

Definition A.7. Given s € R and § € [0,1), we let A3(R™) denote the set of all
be C®(R" x R" x R" x (0,00);C)



CARLEMAN ESTIMATES AND LOCAL UNIQUE CONTINUATION 25
such that for any multi-indices I, J, K, there exists C' > 0 such that
(A.5) VotV Ve ch(x, y, &, M) < Cry (€, N> 1ol
for any (z,y,&,\) € R" x R" x R" x [1,00).

Remark A.8. As a convention, we will generally refer to the first and second arguments of
any symbol b € A3(R™) as the “xz” and “y” components, respectively.

Definition A.9. Given s € R, § € [0,1), b € A3(R™), and \ € [1,00), we define the operator
Op,(b) such that it maps any w € C°(R™;, C) to the function given by

(A0 OmOie) = o [ [ s o) duds, e R

Remark A.10. Observe that if b in Definition A.9 is independent of y, then Op,(b) reduces
to the left quantization op%(b). On the other hand, if b in Definition A.9 is independent of
x, then Op, (D) reduces to the right quantization op(b).

Observe that all the above quantizations indeed yield well-defined functions:

Proposition A.11. Fiz s € R, § € [0,1), and b € A{(R"). Then, Op, (b)v is a well-defined
complex-valued function on R™ for any ¢ € CP(R™;C) and X € [1, 00).

Proof. Since v is compactly supported, then recalling the identity
(1+€2)N (1 = A, )Neile—u)€ = gite=u)e

and integrating the right-hand side of (A.6) by parts in y, we obtain, for any = € R",

/ / ey (w,y, £, A dyd{’ / / (-0, e g MV gy i

<o [ i Y [ 9l
Rn

|1|<2N

for some constant C’, where in the last step, we recalled the bounds (A.5) for b.

The integral in y on the right-hand side is finite since ¥ has compact support. Since § < 1,
the integral in £ is also finite as long as N is taken sufficiently large so that s—2(1—0)N < —n.
Thus, by (A.6), it follows that op, (b)y(x) is well-defined for each = € R". O

Finally, we briefly touch upon the subclass of “infinitely regularizing” operators:

Definition A.12. Given 0 € [0,1), a family of operators (Ax)acp,o0) mapping Cs°(R™; C) to
complex-valued functions on R™ is §-residual iff for any s € R, there exists b € A§(R™) with

(A7) Ay =O0p,y(b), A€l 00).

Proposition A.13. Let § € [0,1), and let (Ax)acp,0) be a 0-residual family of operators.
Then, for each X € [1,00), there exists K, € C°(R" x R™; C) such that

(A.8) Ap(z) = | Ki(z,y)dy)dy, e CFR,C), (z,A) € R" x [1,00).

Rn
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In addition, given any integer M > 0 and multi-indices I, J, there exists C' > 0 such that

(A.9) VeV Ka(z,y) < CO + |z —y[>) ™, (z,y,\) € R" x R" x [1, 00).
Proof. Given any s € (—oo, —n) and b € A§(R") for which (A.8) holds, the function
1 .
(A.10) Ky(z,y) = —/ e @Ep(x,y, €, M) dE, xz,y € R",
(2m)" Jgn

is both well-defined and, by (A.6), satisfies (A.8). Moreover, the identity (A.8) implies that
the functions K, A € [1,00), in (A.10) are independent of the choice of s and b.
Letting s < —n — |I| — |J| — 2M and b be as before, then for A € [1, 00), we have

1

(A.11) VerVy Kz, y) = W/ ey (2, y, €, N) dE,
Rn

bry(z,y,&A) = Z Z (1€) 1/ (—1€) V.17V y g b(, 4, &, A).
I4I"=1 J'+J"=]
(Note the integral in (A.11) is well-defined by (A.5) and our condition on s, which implies
br; € A§ (R™) for some s’ < —n — 2M.) Now, we again recall (A.5) and integrate (A.11) by
parts to obtain, for any z,y € R", any A € [1,00), as well as for some constant C' > 0,

1 A2 A )Mei(z—y)-€
|Vx,lvy,JK)\<CU7 y)| = (27T)n /]Rln ( (AQf\)z’—y\Q)M b["](x, Y, f, )\) df
1 —
= (2m)n /R (X + o = )M (N = Ag) by g (2,6, M) dE
< OO+ |z — g, .

Remark A.14. The function K, from (A.8) is called the Schwartz kernel associated to the
operator Ax. Most crucially, note the constants C in (A.9) are independent of \.

A.2. Symbol Reductions. Although Definition A.7 expanded our symbol class, below we
show that his has not actually enlarged our class of pseudodifferential operators—that is,
our extended symbols produce the same operators as before.

Lemma A.15. Let 6 € [0,1), and let (Ax)aecp,) be a d-residual family of operators. Then
ser N3(R™) such that the following hold:

(A.12) Ay = opx(ry) = opx(rRr), A€ [1,00).

there exist rp,,rr € ()

Proof. Throughout the proof, we let C’ denote various positive constants whose values can
change between lines but must remain independent of the parameter A. Also, let (K)xe1,00)
denote the Schwartz kernels associated with the family (A)) A€[l,00); as in Proposition A.13.
We now define rp,rg : R™ x R" x (0,00) — C to satisfy, for A € [1, c0),

(A.13) rr(z, & N) = / e Ky (x,x — 2)dz,

re(y, & A) r—/ e Ky\(y + z,y) dz.

n
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Now, for any multi-indices I, J and (x,&, A\) € R" x R™ x [1,00), we can write
o [ K b

K],J(ZE, Z, )\) == (—iZ)J Z vm7jlvy7]//K)\<I,.Z‘ - Z).

I'41"=I

(A.14) Vi Vearp(z, & A) =

(Note the above is justified, as the integral in (A.14) is absolutely convergent by (A.9).) By
the same integration by parts trick as in the proof of Proposition A.13, we then bound

VeaVerp(z, 0] < O\ + )M (N2 4+ ADM K (2, \)| dz
Rn
<O\ gH™

for any M > n, where in the last step, we used (A.14) along with the infinite-order decay
from (A.9). In particular, this implies r;, € A3(R") for every s € R; an analogous process
starting from the second identity in (A.13) yields rg € A*(R") for all s € R.

Finally, a direct computation yields, for any ¢ € C§°(R™; C) and z= € R",

ook (r)i(e) = g [ [ [ s = 2)uty) dedya:

= [ FEA, )J(©F¥(E) e,

Rn
where F and F~! denote the Fourier and inverse Fourier transforms, respectively. Using the
adjoint properties of F and the Fourier inversion formula, we have, from (A.8),

opx (ro)y(z) = [ Kx(z,y)¢(y) dy

R?’L
= Axib(x).
To complete the proof of (A 12), we apply a similar computation using (A.4):

opy (rr)i( TV (y + 2, y) Y (y) dédyd

n

B (27r)n . / A )€ (y) dedy

= [ Kx(z,9)¢(y) dé

R

Proposition A.16. Given s € R, § € [0,1), and b € A§(R"), there exist by, bp € AS(R")
such that the following identities hold for all X € [1,00):

(A.15) Op,(b) = opX(br) = 0pX(br), A€ [1,00).
Moreover, there exist by, ., br, € A?Q(l*a) (R™) such that for any x,y,& € R™ and A € [1,00),
(A16) bL(Ia 5) >\) = b($7 xz, 57 )‘) - Z(Vg : Vyb)($’ z, 57 )‘) + bL,r(xv 57 )‘);
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bR(?J? 57 )‘> = b<y7 Y, 57 )‘> + Z(VE : Vﬂcb) <y7 Y, 57 )‘> + bR,r(@/a £7 )‘)

Proof. First, by Taylor’s theorem, we can write

(A.17) x v, £ )\ Z (y— x)IVbe(wacf)\) + Z (y—=) fo Vo 1b(z,(1-t)z+ty,E,\) (1-t)N L dt

(N=1)! ’
[I|l<N [I|l=N
Tr— €T —)N-1
b(z,y, & N) = Z (Z=9)1Ve Ib(yy£/\)_|_ Z (@=9)1 Jy Vo.rb(t j(LNl t)yyﬁx\)(l HT T dt
[I|l<N lI|=N

for any z,y,£ € R", A € [1,00), and N € N. Recalling (A.6), noting that
(z — y)ei(w—y){ — —ngei (z—y)-€

and integrating by parts, we obtain, for any x, A as above and ¢ € C§°(R"™; C),

(A18> OpA() o “E vy ZbL,k(x7§7)‘)+rL7N(x7y7€7 >‘) 1/1(9) dydg,
Lk<N .
OpA (V) = 5 / [ e k;va,k@,a,A)+rR,N<x,y,£,A>_ Oly) dyds,

where we have, for each N € Nand 0 < k < N,
(A19)  brg = & (=) (Ve - V)b(x, 2,6, 0) € AR,
b = 1 (+8)" (Ve - Vo) by, 4,6, A) € A7V (RY),

1
rLy = Sy / (Ve - V) Vb(a, (1 — )z + ty, &, ) (1 — )V Ldt e Ay VR,
0
1
rey = S / (Ve Va)Vb(ta + (1= )y, 9,6 0) (1 =)V dt € A7V (R,
0
We now define by, : R” x R" x (0,00) = C and rp . : R” x R* x R" x (0,00) — C by
(A.20) br. (2,6, ) ZX xE)bp i (, €, N),

TLx (xa Y, 57 >\) = b(l’, Y, 57 )\> - bL,*(xa 57 /\)7
where x € C*(R"; [0, 1]) is chosen to satisfy

(A.21) Xleerniie<y =0, Xlgeernijeizey = 1,

and where the decreasing sequence (€x)x>o is chosen to converge to zero fast enough so that

(A.22) D IVaaVesbrs(, &N < 27y A e >0, ¢ > 6t
[I|+|J|<k

In particular, the sum in (A.20) converges, since it is finite at each £ € R™. Moreover,

(A.23) > X(@rbrilr, &, 0) € Ay VI RY), N >0,

k=N
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since (A.22) also implies all derivatives of the sum in (A.20) converge uniformly. (In fact,
the quantity in (A.23) also lies in A(‘;’*N(l*é) (R™); this can be seen by applying (A.23) with
N replaced by N’ > N and noting that each by, j itself lies in Af;k(lf‘s) (R™).)

As a result of (A.18)—(A.20) and (A.23), we can write, for each N > 0 and A € [1, 00),

(A.24) Opx(7r+) = Opy(re,n) + 0px (rp ) + 0pX (1 )
7“£7N($, 57 )‘) = Z [1 - X(ekg)]bL,k(xv 57 )‘)7
k<N
T%,N(ma 57 )‘) = Z X(ekg)bL,k(xv 57 )‘)
k>N

Note 7%, ~ € Nier A5(R™), since it is uniformly compactly supported in . Thus, by (A.19)
and (A.23), we have rp, € AZ_N(I_(S)(R”) for all N > 0, hence (Op,(7Ls))acf,o0) IS a 0-
residual family of operators. Thus, Lemma A.15 yields an rp, € (,.p A5(R™) with

Opy(res) =opx(rr), A€ [1,00),

and hence it follows that
br :==br .+ 1. € AF(R")
satisfies the first part of (A.15); an analogous process also yields b € Aj(R").
Finally, the identities (A.16) follow by expanding (A.18) for large enough N and recalling
(A.23) (for br) and its analogue for right quantification. O

Remark A.17. Note the expansions (A.16) can be taken to higher orders as in (A.18) and
(A.19). However, we will not require such formulas in these notes.

A.3. Operator Properties. The aim of this subsection to prove generalizations of Propo-
sitions 3.6 and 3.10, which were left untreated in earlier sections. In particular, Propositions
3.6 and 3.10 will follow immediately from the following two results:

Proposition A.18. Let s,s1,50 € R and § € [0,1). Then:
o Given by € A'(R™) and by € AP (R™), there exists r € A§1+5272(176) (R™) such that

(A.25) opy (b1) opk (by) = op% (biby — iV eby - Viby + 1), A€ [1,00).
o Given by € AJ'(R™) and by € AJ?(R™), there exists r € A§1+3272(175) (R™) such that
(A.26) (opE(b1), opL (b)) = opk(—ifbuba} +7), A€ [1,00).
o Given b € Aj(R™), there exists r € Ag_(l_é) (R™) such that
(A.27) opx (b)* = opy(b+ 1), A€ [1,00).
Proof. We fix A € [1,00) throughout the proof. Given ¢, ¢ € C§°(R"™; C), we have

(eonk ) e = s [ [ ole) TR € X)) dedy

<271r>n / . / . / by € N (y)p(w) dedydr,
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and it hence follows that
opx (0)" = op (D).
Viewing b in the above as an z-independent element of A§(R™), then by Proposition A.16,
opy (b)* = opy (b —iV¢ - Vb + 1)
for some 1’ € Agfz(lﬂs) (R™), which in particular proves (A.27).
Next, for (A.25), by Proposition A.16, there exists by, € Aj*(R"™) such that

(A.28)  opk(by) = opf(bsy),  bay = by +i(Ve-Vabs) 41y 19 € AZ2UT0(RY),
(For the expansion in (A.28), we viewed by as a y-independent element of A3?(R"™) and applied
(A.16).) By (A.3) and (A.4), we have, for any ¢ € C5°(R";C) and = € R,

(A29)  opk(b) opk(b)ie) = s [ e, € N Flontn )0l

= (2711_)’” /n eix-gbl(m‘,g, )\) /n e*iy-szr(y?g’)\)w(y) dy d£

= Op)\<b3)7
where b3 € A7*72(R") is given by

bg(l', ya’fa )‘> = bl(xa ga )\)b2,r(y7€7 )‘)
= b1($,57 /\)(bg + ZVg . beg + 7“2)(1%&, )\)

3

Applying Proposition A.16 to by above, we see there exists by € AJT*2(R") with
(A.30) Op,(bs) = opX (ba),
b4($, 57 /\) = bg(l‘, T, 57 A) - Z(V§ : vyb?))(ma z, ga )\) + T4($7 57 )\)
- bl(x7 57 )\)bg(l’, ga >‘> - vabl(x7 57 )‘> : be2(x7 57 /\)
— ng : [blvx(lv§ . bez + 7”2)](117, 6, )\) + 7”4(.27, f, )\),

for any x,£ € R", and for some ry € A§1+82_2(1_6) (R™)

by = biby — iVeby - Vigby + 19, 79 € APTR2070 (R,

Combining (A.29)—(A.30) and the above results in (A.25).
Finally, (A.26) follows immediately by noting that

[op5 (b1), 0p5 (b2)] = opX (b1) opy (b2) — op5 (b2) op5 (by),

and by then applying (A.25) twice. OJ

. In particular, (A.30) implies

Corollary A.19. Let s,s1,89 € R and § € [0,1). Moreover, let b € AJ(R™), by € AJ(R"),
by € AZ(R"). Then, there exist b, € AJ*(R") and b, € A3(R™) such that

(A.31) Op, (b1) Op,(b2) = Op, (be), Op,(b)" = Op,(by), A€ [1,00).

Proof. This is a direct consequence of Propositions A.16 and A.18. U
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Proposition A.20. Let s € R, § € [0,1), and b € A§(R™). Then, there exists C > 0 with

(A.32) 1 Opy (e lzary < Clllagn, ¥ € CE(RYC), A€ [1,00).
Similarly, there exists C' > 0 such that

(A.33) OPAB)Y, )2y < CllYIL 5 g, ¥ € CTRMEC), A€ L 00).
Proof. First, we claim that if s < —n, then

(A.34) 1OPA(O) Pl 2eny < CllYlL2en), ¥ € G (R%C), A € [1,00).

To prove this, we define K by the formula (A.10), with b as in the proposition statement.
Using this, we then apply a direct computation to obtain, for any ¢ € C§°(R™; C),
2

(Ons(- e = o | [ [ s apot)e@ e
<o [ [ imealvwPds [ [ g ale@F s

< Ul @l 2@,

for some constants C’ > 0 (which can change between lines) that are independent of A. To
obtain the last step above, we follow the proof of Proposition A.13 to again derive

Kyl <C'(U+le—y)™,  @yeR", M>0,

for C" > 0 as above. This proves of the claim (A.34) for s < —n.
Next, we claim that (A.34) holds for any s < —(1—4). For this, note that if s < —%, then

(A.35) | Op)\<b>¢”%Q(R”) = (Op, ()" Op, (b)), ¢>L2 R™)
Moreover, by Corollary A.19, we see that

Op,(b)" Opy (D)1 = Opy(b2), b2 € AF(R").

Thus, (A.34) follows from the previous claim and (A.35), since 2s < —n. Lastly, for general
—(1 —¢), we iterate the above process a fixed number of times (noting that each such
iteration doubles the values of s allowed) to again derive (A.34).
We now claim that (A.34) holds when s = 0. In this case, (A.2) implies that b is uniformly
bounded, in particular over all A € [1,00). As a result, we fix a constant

(A.36) C > sup |b(z, &, )P,

(9,6, \) ER™ XR™ X R™ X [1,00)
and we define the quantities (for each A € [1,00) in the latter case)
(A37)  bo:=+/C— b2 € AJ(R"), Ry :=C— Op,(b)" Op,(b) — Op,(bo)* O, (bo).
Proposition A.18 and Corollary A.19 together yield some r € ]\(;(175) (R™) with
(A.38) Ry =Op,(C— |b]* = b2 + 1)
= Op,(r),
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for every A € [1,00). Finally, applying (A.37), (A.38), and the preceding claim, we obtain
| OpA(b)wHinn) = (Op,(b)" Op,(b)¥, ¢>L2(Rn
= C{1, ) r2mny — (OpA(bo)¥, Opy(b0) V) L2(mny — (OPA(1) Y, V) L2(mn)
< C|W||2L2(Rn) + | OpA (M) Y || L2y |19 | L2 -

Our desired claim now follows from the above and the preceding claim for s < —(1 — 4).
In particular, the above claim yields (A.32) for s = 0. To prove (A.32) for general s € R,
we note, using (3.7) and Corollary A.19, that

Op, (b)(X* = A) 72 = Op, (bo),
for some by € AY(R"). Thus, applying the already established s = 0 case yields
1OpAB)Y ]| 2@n) < C Opa(Bo) (A = A)2¢|| 2y

which completes the proof of (A.32). Similarly, for (A.33), we bound

(OPA(D)Y, ) r2eny = (A = A) 71 Opy (D)8l 2am [| (A2 — A) 19| 2
< ¥l 5

2 (R)’

where we applied (A.32) in the final step. O

A.4. The Sharp Garding Inequality. The final task of the appendix is to prove the sharp
Garding inequality of Theorem 3.11, which we now recall in our current language:

Theorem A.21. Let s € R and Ay > 1, and suppose b € AJ(R") satisfies

(A.39) b(r,6,0) 20,  (2,6,)) € R* x R” X [Ag, 00).
Then, there ezists C > 0 such that for any A > Ao and ¢ € C(R™; C),
(A.40) Re(opy (0), ¥) r2ny = —Cll¥)* oy

H, 2 (R™)

Proof. Let 1) and A be as in the theorem statement. First, by (A.27), we have
2 Re(opy (i Im b)Y, ¥) p2(zm) = Re([opy (¢ Im b) + opy (i Tm b)), ) 12 gy
= Re<0p§(7”)¢7 ¢>L2(R”)7
for some r € Aj~'(R"). Thus, applying (A.33) results in the inequality
Re(op, (1 Im b)h, 1) 2

T(R ny

with the constant independent of A\. Therefore, in the remainder of the proof, it suffices to
write b in place of Reb, that is, to assume b is purely real-valued.
Fix now a real-valued function ¢ € C§°(R™; R) satisfying

(A.41) 10ll2@ny =1, ¢(=x) = ¢(x), = eR"
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We now define b* € C°(R™ x R" x R™ x (0,00); C) by

(A42)  b*(x,5,60) == (&, N)F / S(7(E, N2 (x — 2))6(V(E, N2 (y — 2)) b(z, A, €) d,

n

with v defined as in (A.1). An inspection of (A.42) yields that b* € A3 (R"™). Moreover, by
Proposition A.16, we can find b} € A5 (R™) such that ’

2
(A.43) Op, (0) = opX (b}).

Now, a direct computation using (A.3), (A.39), (A.42), and (A.43) then gives
2

[ o0& @ - 2))vla) do| bz € ) dadg

|3

P O
>0

as long as A > A\g. As a result, we obtain

(A.44) Re(opy (b)), ) 2@y > Re{opy (b =071, ¥)2@ny, A > o
Now, by Proposition A.16, we can write, for any (z,y) € R" and A as before,

(A.45) bi(x, &, ) =b"(z, 2,6, \) —i(Ve - V)b (x, 2, N) + 17 (2, & M),

with 7, € A5 (R"). Further, by a change of variables, we then compute
2

(A.46) b (22,60 = | (2)b(x — (& V)22, N) d,

Rn

—i(Ve - V)b (2,2,6,0) = —iVe /R ENO()VO()b(x —7(6 ) 72,6, ) da

=i | ¢(:)Vo() - B(x =&, N2z, ) dz,

_1
with B := (B, ..., B,) a vector-valued function such that By € AS 2(R™), 1 <k <n.
Applying Taylor’s theorem, we can then expand

(A47) b*(l', x, 57 )\) = b0,0(xa 57 )\) + b0,1<x7 67 )‘) + boz([lﬁ', 57 )\)7

boo(z, & N) = bz, €, N) . gb(z)2 dz,
bor (2,6, 0) = —7(E,\)2V,b(x, £, 0) - | ¢(2)?2dz,
o

1
boa(w, €, A) = 7(€,\) " / / (1= )6(2)22 - V2b(x — t1(6,\) 32,6, 2) - 2 dtd=.
nJo
Recalling (A.1), (A.2), and (A.41), while noting that z — ¢?(z)z is odd, then
(A.48) boo(z,&,A) = bz, & N), boa(z,8,A) =0, bos € AJT'(R™).
Similarly, applying Taylor’s theorem again, we also expand

(A49) —7/<V§ ' Vy>b*(l’, xZ, 57 )‘) = bl,O(ma 57 )‘) + bl,l(x> 57 )‘>7
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biale3) = ~iB(e, &) - [ o(2)Vo(a)d:
=0,

(A.50)
since ¢ is compactly supported. Moreover, from the definition of B in (A.46), we obtain
(A.51) biy € Ag (R,

Finally, combining (A.45)-(A.51), we conclude that

b—1b] € AS%_I(R").
The desired inequality (A.40) now follows from Proposition A.20, (A.44), and the above. [
Remark A.22. Furthermore, if b € Aj(R™) instead in Theorem A.21, where 6 € [0, 1), then
(A.40) again holds, but with the Sobolev order (s — 1) replaced by 3(s — (1 — ).
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