THE CHRIST-KISELEV LEMMA

ARICK SHAO

1. INTRODUCTION

The Christ-Kiselev lemma, as presented here, is a general boundedness property
for certain integral transforms 7T involving a kernel. This version of the lemma
states that, in certain spaces, if such an integral transform is bounded, then some
restrictions of this integral transform to partial domains must also be bounded. This
estimate has important applications in the study of dispersive partial differential
equations, in particular in establishing Strichartz-type estimates. In this short note,
we state and prove this property; the proof is based on that found in [3]. A more
general version of this estimate can be found in the original paper, [1].

The most basic version of the integral Christ-Kiselev lemma is the following.

Theorem 1 (Christ, Kiselev). Consider a linear operator
T:LPR) — LYR), 1<p<qg<oo,
such that T can be expressed as an integral transform

TF(t) = /RK(t, s)f(s)ds, K:RxR—C.

If, for sufficiently nice g : R — C, we define
t
Tg(t) = / K(t,s)g(s)ds,

then T extends to a bounded linear operator from LP(R) into LY(R).

This result can be directly generalized to the case in which our linear operator
T (and in particular, the kernel K) acts on Banach spaces.

Theorem 2 (Christ, Kiselev). Let X and Y denote Banach spaces, and let
T:LP(R; X) = LIR;Y), 1<p<q< oo,

such that T can be expressed as an integral transform
TF(#) = / K(t,5)f(s)ds, K:RxR— B(X,Y),
R

with B(X,Y") denoting the space of bounded linear transformations from X into Y.
If, for sufficiently nice g : R — X, we define

Tglt) = / K (t, 5)g(s)ds,

then T extends to a bounded linear operator from LP(R; X) into LI(R;Y).
1
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1.1. Applications to Dispersive PDE. In the study of dispersive partial differ-
ential equations, the Christ-Kiselev lemma plays an important role in the applica-
tion of Strichartz estimates. To be more explicit, consider the initial value problem
for the inhomogeneous linear Schrédinger equation,

(1) W+ Au=F, Ul¢=0 = ug.

Here, F and the unknown u are functions from R x R? into C, while the initial data
ug is a function from R into C. If uy and F are in sufficiently nice spaces, then by
Duhamel’s principle, the solution to (1) can be expressed as

t
(2) u(t) = eug + z/ e =M P (s)ds.
0

Strichartz estimates can be used in conjunction with (2) to obtain spacetime

bounds for u. For the homogeneous linear Schrédinger equation, one has
itA

(3) e’ UOHL;IL;(Rde) Sdgr ||Uo||Lg(Rd),
where the parameters ¢, r, and d satisfy

2 d d
q,TE[Q,OOL 7+7:7a (Q7r7d)7é(2aooa2)'
qg r 2
This estimate controls the first term on the right-hand side of (2).
For the inhomogeneous term in (2), that is, the second term on the right-hand
side, one must resort to the dual formulation of (3). Indeed, if
1 1 1 1
q,7T,E[172}7 7+7:15 7+7:17
¢ q roor

then a standard duality argument applied to (3) yields

() |

/ e A F(s)ds
R

Sd.q.r ||F||L‘1’Lr’(Rde)'
Li(Rd) t Lz

Furthermore, combining (3) and (4), we obtain the estimate

(5) ‘ /]R =2 B (5)ds

Sd,q,r ||FHL;Z’L;’ (RxR4)"
LIL7(RXRY)

However, (5) still does not quite apply to (2). At a fixed time ¢, the time integral
in the left-hand side of (5) is over all of R, while the corresponding integral on the
right-hand side in (2) only goes up to t. Consequently, in order to convert (5) into
an applicable estimate, we must apply the Christ-Kiselev lemma, i.e., Theorem 2.
Finally, by combining all the above, we obtain the following bound for u:

(6) ||UHL;1L;([O,OO)><R‘1) 5 HUOHLi(Rd) + ||F||LZIL;'([0’OO)XRd)'

A similar argument can, of course, be made for negative times.
For further background regarding dispersive partial differential equations and
Strichartz estimates, the reader is referred to [4].



THE CHRIST-KISELEV LEMMA 3

2. PROOF OF THEOREM 2

First, without loss of generality, we can assume that

Vo) = [ 176 s = 1.
Thus, our goal is to show that
IT £l Lazy) S 1.

2.1. The Whitney Decomposition. We first define some basic terminology. Re-
call that the dyadic intervals are subsets of R of the form

L=k, (k+1)277], G kel
Moreover, a dyadic square is a subset of R? of the form
Qjkt = Ljk X L, g, k,l € Z.

For any dyadic square @, we define 71 (Q) and 72(Q) to be the projections of @ to
its first and second components, respectively. In other words,

m1(Qj k1) = Lk, m2(Qj k1) = Lji-
Furthermore, given @ as above, we let [(Q) denote the side length of @, e.g.,
UQj k) =277,
The Whitney covering lemma states the following.
Lemma 3 (Whitney Covering Lemma). Let Q be a proper open subset of R2.

Then, Q2 can be expressed as a disjoint union of (countably many) dyadic squares.
Moreover, for any such dyadic square QQ comprising 2, we have that

Q) <d(Q,09) < (1++2)-1(Q),
where d(Q,0) denotes the distance from @Q to the boundary of Q.
For the proof and a detailed discussion of the Whitney covering lemma, the

reader is referred to [2]. The basic idea of the proof is as follows: for any z € €2, we
let @, be the largest dyadic square containing x such that

Q) < d(Q,00).
The maximality condition for @, implies that
1(Qs) < d(Qx,00) < (14 V2)U(Qa)-

We add Q.. to our desired collection D of dyadic squares. To see that this produces
a partition of ), we need only to observe that if y € @,, then the corresponding
dyadic square @, generated from y is equal to Q.

Remark. The Whitney covering lemma extends naturally to open subsets of R",
with the dyadic squares replaced by n-dimensional dyadic cubes. In this text, how-
ever, we will only require the two-dimensional case.

We now apply the Whitney covering lemma to the region
Q={(z,y) eR* [z < y}.

This yields a collection D of pairwise disjoint dyadic squares, with

o= J .

QeD
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We collect some basic observations about the decomposition D.

Lemma 4. The following properties hold:

(1) For any 0 <z <y < 1, there is a unique Q € D such that (z,y) € Q.

(2) If Q@ € D, then supm1(Q) < infma(Q). In other words, m2(Q) lies to the
right of m1(Q), and 7 (Q) and m23(Q) are non-adjacent.

(3) If (z,y) € QN ([0,1] x [0,1]), and if Q is the dyadic square in D containing
(z,9), then 1(Q) < 1, where I(Q) is the side length of Q.

(4) For any dyadic interval J satisfying J N [0,1] # 0, there exist at most four
dyadic squares Q € D such that mo(Q) = J.

Proof. Property (1) is immediate, since € is a disjoint union of the elements of D.
Moreover, (2) follows from the fact any @ € D is contained in §2 and satisfies

d(Q,00) > 0.
For (3), we appeal to the observation
d(Q,09Q) < d((z,y),00) <1,

and to our construction of D, as described in the paragraph after Lemma 3.
Finally, for (4), suppose Q1,...,Qs5 € D are distinct, with

I; :ﬂ-l(Qi)7 7T2(Qi) :J7 l:l(QZ)’ (S {17a5}

Moreover, we can assume that these five intervals are ordered such that I lies
furthest to the left and I5 lies furthest to the right. By our construction for D, we
have | < d(Qs5,09). Let QF denote the parent square of Q1, i.e., the unique dyadic
square of side length 2] that contains ();. By the triangle inequality,

d(Q1,09) < d(Q},09) + V2-1.
Furthermore, if inf I5 — inf I; = D > 0, then by geometric considerations,
D
d(Q1,00) = d(Qs5,00) + —.
(Q1,090) = d(Qs5,09) NG

Since the distance between inf I; and inf I5 is at least 4[, then
d(Q7,09) > d(Q1,00) — V21
4
>d(Qs,00) + — -1 —V2-1
>14+v2-1.

As a result,
d(Q1,090) > 21 =1(Q1),
which, due to the maximality property defining D, contradicts that Q1 € D. O

2.2. Decomposition of Tf. The next step is to decompose Tf, using the above
Whitney decomposition of 2. First of all, we define

t

F:R-[0,1], ﬂw:/|WM&w

which is a nondecreasing function onto [0, 1].
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Lemma 5. Ift € R, then for almost every s € R with s < t,
(7) K(t,5)f(s) = Y Xmo(@)(F(0) K (t,8)[xm ) (F(5)) f (5)],
QeD

where x 4 denotes the characteristic functions over A.

Proof. For any s < t, we have two cases. First, if F(s) < F(t), then by Lemma 4,
there exists unique Q*' € D such that (F(s), F(t)) € Q*'. Thus, we have

K(t,s)f(s) = xq=+(F(s), F'(t)) - K(t,5)f(s)
= X (Q=t) (F'(8)) K (¢, 8) [ Xy (@ot) (F'(5)) f(5)]
= > Xma@) (FE) K (t,8) [Xmy () (F () f(5)]-

QED
Next, note that by the definition of F,

/ 1£(7) e = 0.
F-1(F(t))

It follows that f(s) =0 for almost all s < t with F(s) = F'(¢). Thus,

K(t,5)f(5) = 0= Xmat@) (FO)E (L, ) @) (F () ()],

QeD

with the first equality holding for almost all such s, and with the second equality
holding unconditionally. This completes the proof of the lemma. O

Applying Lemma 5, we can decompose T f as follows:

-y / Xora(@) (F(E) K (t ) s () (F(5)) £(5)]ds

QeD

=2 Xm@(F /K (t, 8)[Xm (@) (F'(5)) f(s)]ds
QeD

= > Xma(@ (FE)T[(xmy (@) © F) - (1)
QeD

As the above holds for any ¢ € R, we obtain the formula

(8) Tf=> (Xm@ °F) Tl(xr,@ o F)- -
QeD

Finally, we refine (8) by further decomposing the sum:

(9) Tf= Z D @ F) Tlxm@ o F) - f]

j=0 Q€D
(=277

0o 27—1

= Z (XI]k F)'T[(XM(Q)OF)'JC]-

7=0 k:O €

In particular, the terms in the above in which 73(@Q) is either I; _; or I;5; can be
discarded, as all these terms vanish by the definition of F'.
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2.3. Estimating T'f. From (9), we immediately estimate

Q=

oo [[27-1
(10) ||TfHL‘1(R;Y) < Z Z Z (le,k 0 F) 'T[(Xﬂ'l(Q) o F) ! f]
j=0|| k=0 Q€D
m2(@)=1;.x La(R;Y)
In the summations within the norm in the right-hand side of (9), note that any two
distinct terms represent integrals with disjoint supports. As a result,

Q=

co [27-1

T oy 301D S0 Mn 0 F) - Tlxten@) © F) - fllaeyy

j=1 | k=0 QeD
m2(Q)=1I;k

27 -1
Y. Y Mm@ P) Al |
k=0

Q=

M8

<

1 QeD

m2(Q)=I; x

where in the last step, we used the boundedness of T
By the definition of F, if [(Q) = 277, then

<.
Il

1O¢rr@) © F) - o mxy = 277

Moreover, by part (4) of Lemma 4, for any j > 0 and 0 < k < 27, there are at most
five Q € D such that m2(Q) = I ;. Combining these observations, we have

1

oo 291 a oo

”Tf”L'I]RY)NZ 22_*‘ gZ(Q—% i < Z Ji(i-2)
Jj=1 k=0

=0 =0
Since p < ¢, then ¢~! — p~! < 0, and it follows that
1T f]l pariyy < 00,
as desired. This completes the proof of Theorem 2.
3. FURTHER EXTENSIONS
Finally, we discuss some extensions and generalizations of Theorems 1 and 2.
3.1. The Case q¢ = co. First, we can extend Theorem 2 to the case ¢ = oo
Theorem 6. Let X and Y denote Banach spaces, and let
T:LP(R; X) —» L (R;Y), 1<p<oo,

such that T can be expressed as an integral transform,
- / K(t,5)f(s)ds, K:RxR— B(X,Y).
R

If T is defined as in the statement of Theorem 2, then T extends to a bounded linear
operator mapping from LP(R; X) into L= (R;Y).

Remark. In contrast to the statement of Theorem 2, the exponent p is allowed to
be the same as ¢ = oo in the statement of Theorem 6.
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Proof. For any t € R, we can write T'f(¢) as

ITf(t) = /jo K (t, 5)[X(—o0,11 () (s)lds| = [T[X(=o0,0.f1(F)]-

From our boundedness assumption for 7', we now have

ITf(t) < 1T (X (=01 Il oo ®ivy S X (=00t fllorrix) S Il ®sx)-
This completes the proof of Theorem 6. O

Furthermore, if, assuming the same setting as in Theorem 6, we define

g(t) = /too K(t,s)g(s)ds

then an analogous argument shows 7" is also bounded from L?(R; X ) into L*®(R;Y').

3.2. The Case p = 1. Using the ¢ = oo case in Theorem 6 along with a standard
duality argument, we can prove an analogue for the opposite case, p = 1.

Theorem 7. Let X and Y denote Banach spaces, and let
T:LY(R;X) = LUR;Y), 1<g< oo,

such that T can be expressed as an integral transform,
:/K(Ls)f(s)ds, K:RxR— B(X,Y),
R

If T is defined as in the statement of Theorem 2, then T extends to a bounded linear
operator mapping from L*(R; X) into LI(R;Y).

Proof. Let ¢’ satisfy ¢ 1+(¢')~! = 1, so that the adjoint S of T'is a bounded linear
operator from L7 (R;Y) into L*>°(R; X). Moreover, for appropriate f and g,

| satsar= [ gwrsar
Fanlf o
-1/ K(Svt)g(S)dS] Fat.

As a result, S is of the same form as T, i.e.,

— [ Ksnats)is

Next, we consider the adjoint U of T:

/ " Ug) ()t = / T 0TSt

h -/ Zg<s> [ / oo K(s,wf(t)dt} ds

_ /_Z Utm K(s, t)g(s)ds} F(t)dt.
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It follows that U is precisely S, as defined in the discussion after the proof of
Theorem 6. Since S is bounded from L7 (R;Y) into L°°(R;X), then so is U.
Consequently, by duality, T is also bounded from L!(R; X) into L?(R; X). O

3.3. The General Estimate. The original paper by Christ and Kiselev, [1], actu-
ally proved a more general estimate for maximal-type operators. In this generalized
estimate, the operator T' now acts on arbitrary measure spaces, i.e.,

T:LP(X,pn) — LYY, v).

In addition, we consider monotonic families of characteristic functions y,, parame-
trized by « € R, satisfying certain conditions.
We now define T to be the following maximal operator:

Tg=supT(xaf)-
a€eR

The main theorems now state that if T is bounded from LP to LY, like in our
previous estimates, then T is also bounded from LP to L9.

In particular, all our Theorems can be recovered from this general estimate by
taking 1" as before, and by defining xa = X(—oo,a]-

REFERENCES

1. M. Christ and A. Kiselev, Mazimal operators associated to filtrations, J. Funct. Anal. 179
(2001), 409-425.

2. E. Stein, Harmonic analysis: Real variable methods, orthogonality, and oscillatory integrals,
Princeton University Press, 1993.

3. T. Tao, Spherically averaged endpoint Strichartz estimates for the two-dimensional Schréodinger
equation, Commun. PDE 25 (2000), 1471-1485.

, Nonlinear dispersive equations: Local and global analysis, American Mathematical

Society, 2006.




