0-DISTRIBUTIONS IN DISPERSIVE EQUATIONS

ARICK SHAO

1. INTRODUCTION

In studying the basic theory of dispersive equations, one encounters various 6-
distributions. For example, there is the following well-known fact:

Proposition 1. Suppose we have a solution to the free Schridinger equation,

(1) i0u+Au=0, wu:R™ - C,

which also satisfies the initial condition

(2) w0) :==ul—o=f, f:R"=C.

If f is in a sufficiently nice space, say S(R™), then for any (7,£) € R1t",
(3) a(r,€) = 8(7 — [¢[*) f(€),

where f denotes the Fourier transform (in R™) of f, and where @ denotes the
spacetime Fourier transform (in R" 1) of u.

Another common fact, for those who have some experience with bilinear esti-
mates, is the following convolution identity:

Proposition 2. Suppose u and v are solutions of (1), with initial data

(4) w0)=f, v(0)=g,
as in (2). If f and g are in sufficiently nice spaces, then for any (1,€) € R*™,
(5) (@x0)(r.&) = [ o(r—l¢—n*~ nl*) £ (& = m)g(n)dn.

Although much of the dispersive equations literature applies these facts, the
details behind their derivations, as well as the precise meanings of right-hand sides
of (3) and (5), are often swept under the rug. In this short note, we clarify the
definitions behind Propositions 1 and 2, and we prove these propositions in detail.

Remark. The process we apply here for the Schrédinger equation applies analo-
gously to other dispersive equations, most notably to (half-)wave equations. In the
case of half-waves, one generally replaces T — |&|? by T + |€].

Remark. To prevent from having to deal with pesky factors of 2w from Fourier
and inverse Fourier transforms, we replace throughout the usual Euclidean measure
tm on R™ by (210) =™/ 2. In particular, we set

(2m)"2dr = dr,  (2m)"FdE = dE,

and similarly for dt and dx.

Hat tip to [4, 5] for these convenient tricks.
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2. DERIVATION OF PROPOSITION 1

This section is focused on the clarification and proof of (3). While we will
make heavy use of distribution theory, in particular for tempered distributions.
Throughout, we will remain with the standard nomenclature for these objects:

e Let S(R™) denote the space of smooth, rapidly decaying functions on R™.
e Let S'(R™) denote the dual space of tempered distributions on R™.

Remark. For more on the basic theory of distributions, see, for example, [3, 4, 5].

2.1. Pullback Distributions. Before proving (3), we must first make sense of
pullbacks of distributions, in particular over the d-distribution.

Consider a differentiable function ¢ : R**" — R, whose level sets form hyper-
surfaces of R+, 2 Now, if u € S’(R), then we wish to make sense of the pullback
of u over 1, namely, the composition u(¢)) € &' (R**+™).

To motivate this definition, we recall the coarea formula (in the smooth case):

Theorem 3 (Coarea formula). If F € S(R'™™), and if 1 is as above, then

©) .= ( [ W%) .

where V) is the gradient of v, and where the integrals over the level sets {¢ = y}
are with respect to the induced volume measures.

Proof. In the smooth case here, (6) can be derived using a bit of differential geom-
etry and the change of variables formula; see, for example, [1]. O

Suppose first that u is a nice, smooth function on R. Letting ¢ € S(R'*"), we
can then apply the coarea formula (6) to u(t))¢, which yields

[wwe= [ () 1)
- /"; uw) </{¢y} Wiﬁ) h

This leads to the following definition in the case of distributions:

Definition 4. If u € §'(R), then we define its pullback u(y) € S'(R**™) by

(8) (u(@), @) == <“’W/w_ }|vg0w|>

To be more clear, the right-hand side represents u applied to the test function

* * gp
" R—=C, 0 (y :/ —
D= Jmny V0

Recall that the §-distribution is defined
9) s€S'(R),  (3,0) = »(0).

20ne is allowed exceptions on sets with some sense of zero measure, though for simplicity, we
will ignore this technical point here. This point is relevant, however, for wave equations.
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Thus, according to our definition (8), we see that

_ P _ %
(10) <5(1/)),<P> = <5,y = ~/{1/;—y} |V7/J|> = /{w—o} W

Next, we can further generalize Definition 4 by multiplying by weights:

Definition 5. Let u € S'(R), and let f : R1*" — C be “sufficiently integrable”
(depending on u). Then we define u(y))f € S'(R*™) by

11 =
(1) (w()f, ) <““’/w y}|w|>
In particular, with f as before, we have that
fe
12 1) L) = .

2.2. The Dispersive Relation. Using Definition 5, we can now make full sense
of the right-hand side of (3). * In this case, the function 1 is given by

(13) U(r.€) =1~ ¢,

for which the gradient is

(14) Vip(r,§) = (1,-26),  |[Vo(7.8)] = 1+ 4¢P
As a result, given ¢ € S(R!T"), we have from (12) and (14) that

(15) (B(r — [€P)F(©). ) = /{ . O}f(%ﬁjﬁ

[ oy
{r—lgl2=0} 1+ 4[]
To deal with the integral over the paraboloid 7 = |£|2, we note that this hypersurface
can be parametrized by the spatial variable £ € R™:

Recall from calculus and differential geometry the following relation:

F@e(g o _ [ FEelg? €
1o /{rmz_o} VI+4[EE  Jre w VI [R(E)] - dé

/ F©)p(Iel, )

From (15) and (16), we obtain an explicit formula for the right-hand side of (3):

(17) O —1EP)F©).0) = | F&)p(1&]? €)de

R™

3The “weight” here is a function F(r,£) that depends only on £, i.e., F(r,£) = f(£).
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2.3. Completion of the Proof. To complete the derivation of (1), we must now
understand the left-hand side of (1). Given ¢ € S(R*™), we use the distribution
definition of Fourier transforms, along with the fact that w is a function, to obtain

(18) (i, ) = /R / e, 7))ot

Since the Schrédinger evolution preserves L2-norms, u(t) has spatial Fourier trans-
form in L2(R™). Also, 4(t) is given by the explicit representation formula

(19) at, &) = " f(g).
Thus, letting F; denote the Fourier transform only in time, and focusing on the
inner spatial integral on the right-hand side of (18), we see that

(20) o) = [ [ a6 () dgar
= [ [ e i) (e - dea.

Next, we expand Fyp and apply Fubini’s theorem:

1) o= [ |[ [t fieretne)- arat] de

From here, our desired result follows from the fact that the Fourier transform of
the function ¢ +— €%t is §(- — a). However, let us compute this explicitly.
For each fixed ¢ € R™, we apply a change of variables 7 +— 7 + |¢|%:

(22) )= [ J©) | [ [eretrviepo) - arar] ac

= [ 70| [ Ao d

where ¢ : R — C is defined p¢(7) = (7 + [£]2,€). Since the inner integral on the
right-hand side of (22) is simply the inverse Fourier transform at 0, we obtain

(23) (@)= | F&)pe(0)-de= [ F(Ep(IE E)de.

R‘VL Rn
Finally, combining (17) and (23) concludes the derivation of (3).
3. DERIVATION OF PROPOSITION 2

We now turn our attention to the identity (5). For this, the main new ingredient
is to recall and understand how convolutions are defined for distributions.

3.1. Convolutions. Recall that given f,g € S(R™), its convolution is defined by

(24) frgeSR™),  (fxg)(x)= [ [flyglz—y)dy.

R7Yl
Moreover, convolutions are commutative and associative: if f, g, h € S(R™), then

(25) frxg=gxf, (fxg)xh=fx(gxh).

These properties motivate the definition of convolutions of distributions.

4For more details on the basic theory of dispersive equations, see, e.g., [6].
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Indeed, given f and g as above, as well as ¢ € S(R™), we write

(26) | tra@se@ie= [ 1+ (s

where ¢* € S(R™) is the reflection ¢*(z) = ¢(—z). Recalling the definition (24),
as well as the associative property of convolutions, we see that

@) [ el = (£ x9) £ 07)0) = 7 (g 7)) O)

Expanding out the right-hand side, the above becomes

@) [ (@@= [ 1o (-ads

E = / @) { / C9)eT(—a - y)dy} da

= [ @[ stweta+ i)

Thus, if we define for each x € R™ the test function

(29) 0 :R™ = C,  @u(y) =0z +y),

we see that

@ [ @i = [ 1@]| [ se ] .

The formula (30) is in a form that we can extend to distributions. Indeed, the
right-hand side of (30) suggests that we should define u * v € §'(R™) as follows:

Definition 6. If u,v € §'(R™), then we define u*v by
(31) (u*v,0) = (u,z = (v,9)).

To be more specific, we first map each x € R™ to ((z) = (v, p,), where @, is defined
as in (29). We then apply u to this function (.

This brings up a technical issue, as there is no guarantee that this ¢ in Definition
6 is nice enough that we can feed it into u. Consequently, we require additional
assumptions on u and v so that (31) makes sense in the first place.

The most standard assumption that one makes is that either u or v has compact
support. If v is compactly supported, then (31) works as stated. On the other
hand, if u is compactly supported, then we use the commutative property (25) as
inspiration and define u * v to be v x u, with the latter interpreted as in (31).

In some cases, one can assume less than compact support, but the exact condi-
tions tend to be technical. However, since the distributions §(7 — [£|?) fail to have
compact support, this is in fact an essential point for Proposition 2.

3.2. The Dispersive Convolution. We now look at the left-hand side of (5):

(32) k0= 0(r —[€1)F(&) x 6(A = n[*)a(n).
To apply Definition 6, we first fix (7,£) € R**™, and we look at
(33) I(1,6) = (6 = )3 (1), ¢ (7.0))

where, like in (29),
0, 0(re) ESRT™M), o (M) = o(T + A€+ ).
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However, from (17), we immediately obtain

B 100 = [ aeee = [ aetr+ g+ mn

Considering I now as a function, I : R1™™ — C, we note that as long as g is in
a nice enough space, for instance S(R™), then I € S(R'™™). As a result, we can
apply @ now to I and hence make sense of Definition 6:

(35) (05, ¢) = (6(r — [¢)f /f (2, €)

From (34) and (35), we see that

(36) @rtgh= [ [ F@ane(R + .+ nande.

Applying a change of variables £ — £ — 7 in the right-hand side of (36) yields
(37) @eig) = [ [ €= matne(ls = of + ol €)dnds

3.3. Completion of the Proof. To complete the derivation of (5), we must work
out its right-hand side. First, some clarification is in order as to how this quantity,

7= [ str=le = = W)~ atndn,
is defined. To make sense of this, we first consider a fixed n € R", and we let

(38) Ly =6(r — € =n> = 1nf*)f(€ = n)g(n) € S'®™™).

(Here, 7 is fixed, while (7, &) are the variables of the functions that this distribution
acts on.) Then, we can naturally define J as the integral of the L,’s as follows:

(39) (b= [ (Loviin

It remains only to expand (.J, ¢). For this, we apply (17), (38), and (39):

(40) (o) = [ (6tr =l =l = )€ ~ 3o, b
= [ [ fte=matmelic - P +1nP. agan.

Comparing (37) with (40) yields (5) and completes the proof.

4. A BILINEAR ESTIMATE

As an application of Propositions 1 and 2, we prove a basic bilinear estimate for
solutions of the free Schréodinger equation. The method of proof comes mainly from
[2]; this estimate is also present as part of an exercise in [6].

Theorem 7. Suppose u and v are solutions of (1), with initial data given by (4),
and with f and g in sufficiently nice spaces. Furthermore, assume that:

e f is supported in the region |£| > N.
e g is supported in the region || < M.
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If N> M (i.e., N is much larger than M ), then the following estimate holds:

n—1

2
112z gl 2 e

The iterated L] L”-norms are defined in the natural way:

(41) ||U'UHL%L§(R1+7L) S

1
(42) gy S | [ 0O oytt] "

The obvious adjustments are made when ¢ = oo or r = co.

This bilinear estimate provides a slight improvement over what one can derive
using the usual Strichartz estimates for the Schrodinger equations. To see this, we
first note that from Hoélder’s inequality and Sobolev embedding, we have

n—2
(43) luvllzre Snllull | 2n llvllparen S llull | 2 V77 0] 2,

n—1 n— n—1
x t t Lz

t
where |V| is the square root of the negative spatial Laplacian on R™. (We suppress
the domain R'*" and later R™ for brevity.) Then, applying the standard Strichartz
estimates (see [6]) and recalling the support restriction for f, we obtain
(44) luvllzezz Sn 1F 1211V glla S MPZ (| £z gl e

Consequently, compared to (44), we gain an extra small factor of (M/N)'/? in
(41), under the support assumptions for f and §. In particular, the Strichartz
estimate resulting in (44) cannot take advantage of the fact that f is nonzero only
for high frequences. One can think of the improvement from the bilinear estimate
as arising from examining more closely how u and v interact with each other in
(spacetime) frequency space. More specifically, since f and ¢ have vastly separated
Fourier supports, the interactions between u and v in the product is limited. For
certain problems, such as the well-posedness of nonlinear Schrédinger equations at
low regularities, this slight gain is crucial; see, e.g., [2].

4.1. The Dual Formulation. We now focus our efforts on proving Theorem 7.
We first reduce (41) to an estimate that we can attack directly.
By Plancherel’s theorem, we see it suffices to prove that

M5
N3
(As usual, we use 7 and £ to denote the coordinates in frequency space.) However,
in making sense of (45), we already encounter an issue: even though each of the
spatial Fourier transforms 4(t) and ©0(t), and hence their (spatial) convolutions
(@ *¢ )(t), are functions, there is no guarantee a priori that the spacetime Fourier

transform @ * ¥ must be a function, in particular one in L2.
On the other hand, since @ * v is a distribution, we can feed it test functions.
Suppose we can establish the following estimate for every ¢ € S(R'*™):

(45) it o2 ze < Sl Fllzz gl

n—1

M =
N3
Then, by the self-duality properties for L2-spaces, and by the fact that the space

of rapidly decreasing smooth functions is dense in L2, it would follow that @ * ¥ is
represented by an L?-function on R'*" and also that its L?-norm satisfies (45).

(46) [{ax0,0)| S 112 llall oz el o2 e
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We now make use of the knowledge we gained from Propositions 1 and 2. More
specifically, by recalling Proposition 2 and (37), we can expand (46) as

(47) || fe=matmeic —af + i, €)dnae
M .
S S Wtz elza e

Therefore, to prove Theorem 7, it suffices to establish the above estimate (47).

4.2. Further Reductions. Let I denote the left-hand side of (47). Applying
Holder’s inequality twice and recalling the supports of f and §, we see that

2 3
15 13lzs { [ L A= metie =+ a0 dn}

< 1Az gl [ /|n|<M /IMI>N|so<|£n|2+ |n|2,s>2dgdn]

In light of (47), it hence suffices to prove that

Mnfl
@) [ [ el P P OPdgdn S Tl
[n|<M J|§—n|=N
Given 1 < i < n, we define the domain
(49) Di={(&n) €R* xR" | [n| < M, [¢' —n'| > d"'N}.
where ¢ and 7’ is the i-th components of ¢ and 7, respectively. Since
(50) UDio{(&n) eR" xR™ | |n| < M, |¢ —n| > N},
i=1
then to prove (47), and hence (41), we need only to show for each i that
2 2 42 Mt
61 [ letle=nl? + o) Paedn S Sl

For convenience, we will let J; denote the left-hand side of (51).
4.3. Completion of the Proof. Consider the change of variables
(52) (&m) = (T =16 —nl* + 0%, &n') €RxR* x R" ™,

where 1/ € R"~! denotes all the components of 7 except for n’. Since the only
actual change is 1 — 7, it follows that the Jacobian for (52) is given by

a(r,&,1) or ) ) )
53 i = || = -| = 2 T _ 7 .
(53) 7= |2 - 22| <2 iy 0
Moreover, since we have on D; that
(54) | <M, &€ -7 >d'N > M,

due to the definition (49), it follows that on D;, we have
(55) Ji =~ N.
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Returning now to (51), we rewrite its left-hand side using (52):

J; —1 L6)|2dedr | dn .
(56) <[ UL et o an

Finally, from (55), we see that

n—1

M
60 g [ ar N[ jeetands £ el
' |< M R /R N T
This completes the proof of (51) and hence (41).
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